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Preface

This book is devoted to the subject commonly called Chaotic Dynamics, namely the
study of complicated behavior in time of maps and flows, called dynamical systems.

The theory of chaotic dynamics has a deep impact on our understanding of Na-
ture, and we sketch here our view on this question. The strength of this theory comes
from its generality, in that it is not limited to a particular equation or scientific do-
main. It should be viewed as a conceptual framework with which one can capture
properties of systems with complicated behavior. Obviously, such a general frame-
work cannot describe a system down to its most intricate details, but it is a useful and
important guideline on how a certain kind of complex systems may be understood
and analyzed.

The theory is based on a description of idealized systems, such as “hyperbolic”
systems. The systems to which the theory applies should be similar to these idealized
systems. They should correspond to a fixed evolution equation, which, however, need
to be neither modeled nor explicitly known in detail. Experimentally, this means that
the conditions under which the experiment is performed should be as constant as
possible. The same condition applies to analysis of data, which, say, come from the
evolution of glaciations: One cannot apply “chaos theory” to systems under varying
external conditions, but only to systems which have some self-generated chaos under
fixed external conditions.

So, what does the theory allow us to do? We can measure indicators of chaos, and
study their dependence on those fixed external conditions. Is the system’s behavior
regular or chaotic? This can be, for example, inferred by measuring Lyapunov expo-
nents. In general, the theory tells us that complex systems should be analyzed statisti-
cally, and not, as was mostly done before the 1960s, by all sorts of Fourier-mode- and
linearized, analysis. We hope that the present book and in particular Sect. 9 shows
what the useful and robust indicators are.

The material of this book is based on courses we have given. Our aim is to give
the reader an overview of results which seem important to us, and which are here to
stay. This book is not a mathematical treatise, but a course, which tries to combine
two slightly contradicting aims: On one hand to present the main ideas in a simple
way and to support them with many examples; on the other to be mathematically
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sufficiently precise, without undue detail. Thus, we do not aim to present the most
general results on a given subject, but rather explain its ideas with a simple statement
and many examples. A typical instance of this restriction is that we tacitly assume
enough regularity to allow for a simpler exposition.

The proofs of the main results are often only sketched, because we believe that it
is more important to understand how the concepts fit together in leading to the results
than to present the full details. Thus, we usually spend more space on explaining the
ideas than for the proofs themselves. This point of view should enable the reader to
grasp the essence of a large body of ideas, without getting lost in technicalities. For
the same reason, the examples are carefully chosen so that the general ideas can be
understood in a nutshell.

The level of the book is aimed at graduate students in theoretical physics and
in mathematics. Our presentation requires a certain familiarity with the language of
mathematics but should be otherwise mostly self-contained.

The reader who looks for a mathematical treatise which is both detailed and quite
complete, may look at (de Melo and van Strien 1993; Katok and Hasselblatt 1995).
For the reader who looks for more details on the physics aspects of the subject a
large body of literature is available, with different degrees of mathematical rigor:
(Eckmann 1981) and (Eckmann and Ruelle 1985a) deal with experiments of the
early 1980s; (Manneville 1990; 2004) deals with many experimental setups; (Abar-
banel 1996) is a short course for physicists; (Peinke, Parisi, Rössler, and Stoop 1992)
concentrates on semiconductor experiments; (Golubitsky and Stewart 2002) has a
good mix of mathematical and experimental examples. Finally, (Kantz and Schreiber
2004) deal with nonlinear time series analysis.

The references in the text cover many (but obviously not all) original papers, as
well as work which goes much beyond what we explain. In this way, the reader may
use the references as a guide for further study. The reader interested in more of an
overview will also find references to textbooks and monographs which shed light on
our subject either from different angle, or in the way of more complete treatises.

Like any such project, to remain of reasonable size, we have omitted several
subjects which might have been of interest; in particular, bifurcation theory (Arnold
1978; Ruelle 1989b; Guckenheimer and Holmes 1990), topological dynamics, com-
plex dynamics, the Kolmogorov–Arnold–Moser (KAM) theorem and many others.
In particular, we mostly avoid repeating material from our earlier book (Collet and
Eckmann 1980).

After a few introductory chapters on dynamics, we concentrate on two main sub-
jects, namely hyperbolicity and its consequences, and statistical properties of interest
to measurements in real systems.

To make the book easier to read, several definitions and some examples are re-
peated, so that the reader is not obliged to go back and forth too often.

We hope that the many illustrations, simple examples, and exercises help the
reader to penetrate to the core of a beautiful and varied subject, which brings together
ideas and results developed by mathematicians and physicists.
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1

A Basic Problem

Before we start with the subject proper, it is perhaps useful to look at a concrete
physical example, which can be easily built in the laboratory. It is a pendulum with
a magnet at the end, which oscillates above three symmetrically arranged fixed mag-
nets, which attract the oscillating magnet, as shown in Fig. 1.1. When one holds the
magnet slightly eccentrically and let it go, it will dance around the three magnets,
and finally settle at one of the three, when friction has slowed it down enough.

The interesting question is whether one can predict where it will land. That this is
a difficult issue is visible to anyone who does the experiment, because the pendulum
will hover above one of the magnets, “hesitate” and cross over to another one, and
this will happen many times until the movement changes to a small oscillation around
one of the magnets and ends the uncertainty of where it will go. Let us call the
three magnets “red,” “yellow,” “blue”; one can ask for every initial position from
which the magnet is started (with 0 speed) where it will eventually land. The result
of the numerical simulation, to some resolution, is shown in Fig. 1.2. The incredible
richness of this figure gives an inkling of the complexity of this problem, although
we only deal with a simple classical pendulum.

Exercise 1.1. Program the pendulum equation and check the figure. The equations
for the potential U are, for q ∈ R2,

U(q) =
3
8
|q|2 −

2∑

j=0

V (q − qj) , (1.1)

where qj =
(
cos(2πj/3), sin(2πj/3)

)
and V (q) = 1/|q|. The equations of motion

are
q̇ = p , ṗ = −γp−∇qU(q) ,

where q̇ is a shorthand for dq(t)/dt. The friction coefficient is γ = 0.13.

The domains of same color are very complicated, and the surprising thing about
them is that their boundaries actually coincide: If x is in the boundary ∂R of the red
region, it is also in the boundary of yellow and blue: ∂R = ∂Y = ∂B. (This fact has
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Fig. 1.1. Photograph of the pendulum with three magnets (The design is due to U. Smilansky.)

been proven for the simpler example of Fig. 3.6, and we conjecture the same result
for the pendulum.)

The subject of this course is a generic understanding of such phenomena. While
this example is not as clear as the one of the “crab” of Fig. 3.6, it displays a feature
which will follow us throughout: instability. For the case at hand, there is exactly
one unstable point in the problem, namely the center, and it is indicated in yellow in
Fig. 1.3. Whenever the pendulum comes close to this point, it will have to “decide”
on which side it will go: It may creep over the point, and the most minute change in
the initial condition might change the final target color the pendulum will reach.

The aim of this book is to give an account of central concepts used to understand,
describe, and analyze this kind of phenomena. We will describe the tools with which
mathematicians and physicists study chaotic systems.
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Fig. 1.2. The basins of attraction of the three magnets, color coded. The coordinates are the
two components of the initial position: q = (q1, q2). The three circles show the positions of
the fixed magnets

Fig. 1.3. A typical potential for the pendulum of Fig. 1.1. The equation used for the drawing
is given in (1.1). The coordinates are the two components of the initial position: q = (q1, q2),
the height is the value of the potential
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Dynamical Systems

2.1 Basics of Mechanical Systems

While we assume some familiarity with elementary mechanics, we begin here with
the nonlinear pendulum in 1 dimension, to have some basis of discussion of phase
space and the like. The nonlinear pendulum is a mathematical pendulum, under the
influence of gravity, and with a damping γ ≥ 0. Normalizing all the coefficients to
1, we consider the coordinates of this problem: momentum p and the angle ϕ. The
pendulum can go over the top, and thus ϕ varies in [0, 2π) while the momentum
varies in (−∞,∞). (We use here the notation [a, b) to denote the half-open interval
a ≤ x < b.) Thus, the phase space Ω is actually a cylinder (since we identify ϕ = 2π
and ϕ = 0). The equations of motion for this problem are

ϕ̇ = p ,

ṗ = − sin(ϕ)− γp ,
(2.1)

where both ϕ and p are functions of the time t, and ϕ̇ = d
dtϕ(t), ṗ = d

dtp(t).
This problem has 2 fixed points, where the pendulum does not move, p = 0, with

ϕ = 0 or π. The fixed point ϕ = π is unstable, and the pendulum will fall down
under any small perturbation (of its initial position, when the initial velocity is 0)
while ϕ = 0 is stable. The nature of stability near ϕ = 0 changes with γ, as can be
seen by linearizing (2.1) around ϕ = p = 0.

i) For γ = 0 the system is Hamiltonian, and the flow is shown in Fig. 2.1. Such
pictures are called phase portraits, because they describe the phase space, to be
defined more precisely in Sect. 2.2. The vertical axis is p, the circumference of
the cylinder is the variable ϕ. The lower equilibrium point is in the front (left)
of the cylinder and the upper equilibrium point is in the back, at the crossing
of the red curves. These curves are called homoclinic orbits, they correspond to
the pendulum leaving the top at zero (infinitesimally small) speed and returning
to it after an infinite time. One can see two such curves, one for each direction
of rotation.



6 2 Dynamical Systems

ii) For γ ∈ (0, γcrit), with γcrit = 2 (critical damping), the orbits are as shown
in Fig. 2.2. The red line is the stable manifold of the unstable fixed point: A
pendulum with initial conditions on the red line will make a number of full
turns and stop finally (after infinite time) at the unstable equilibrium. All other
initial conditions lead to orbits spiraling into the stable fixed point. The blue line
is called the unstable manifold of the unstable fixed point and it also spirals into
the stable fixed point. We treat this in detail in Sect. 4.1.1.

iii) For γ = γcrit the phase portrait is shown in Fig. 2.3. This value of γ is the
smallest for which the pendulum, when started at the top (ϕ = π, p = ε, ε→ 0),
will move to the stable fixed point ϕ = 0 without oscillating around it.

iv) For γ > γcrit, which is usually called the supercritical case, the phase portrait
is shown in Fig. 2.4. In this figure, the red and blue lines are again the stable
and unstable manifolds of the unstable fixed point, while the green line is the
strongly stable manifold of the stable fixed point. (The tangent flow of the stable
fixed point has 2 stable (eigen-)directions and the strongly stable one is the
direction which attracts faster.)

v) When γ = 0, there is no friction and the flow for the pendulum is area preserv-
ing. We illustrate this in Fig. 2.5. Note that the Poincaré recurrence theorem (see
also Theorem 8.2) tells us that any open set contained in a compact invariant set
must return infinitely often to itself. This is clearly seen for both the red and
the blue region which eventually intersect infinitely often the original ellipse
from which the motion started. Note that Poincaré’s theorem does not say that a
given point must return close to itself, just that the regions must intersect. Note
furthermore how the regions come close to, but avoid the unstable fixed point
(since the original region did not contain that fixed point).

Some final remarks on general flows in Rd are in order. They are all described by
differential equations of the form

d
dt

x(t) = F(x(t)) , (2.2)

with x : R → Rd and F : Rd → Rd is called a vector field.

Theorem 2.1. If F is Lipschitz continuous, the solution of (2.2) either exists for all
times or diverges at some finite time.

Definition 2.2. If F(x∗) = 0 one calls x∗ a fixed point.

Theorem 2.3. Outside a fixed point (that is in any small open set not containing a
fixed point) any smooth flow is locally trivial, in the sense that there exists a coordi-
nate change for which (2.2) takes the form ẏ = A, where A is the constant column
vector with d components: A = (1, 0, . . . , 0). (Furthermore, if (2.2) is a Hamil-
tonian equation, the coordinate change can be chosen to be canonical (Darboux’
theorem).)
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Fig. 2.1. Stereo picture for the flow of (2.1) for γ = 0. These pictures give a 3-dimensional
effect if one “stares” at them to bring images of the two cylinders to convergence. The stable
equilibrium point is in the front (to the left) and the unstable one is in the back of the cylinder.
The black lines show short pieces of orbit. These pieces start at the dot and extend along the
short lines

Fig. 2.2. The same view for a subcritical γ. The value is γ = 0.25
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Fig. 2.3. Critical damping. The value is γ = 2

Fig. 2.4. Supercritical damping. The value is γ = 2.2
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Fig. 2.5. Illustration of Poincaré’s theorem for the pendulum (2.1) with γ = 0. The initial
elliptical region evolves in time and its volume is preserved. The order is top left, right, bottom
left, right. The corresponding times are 0, 3, 11, 52 in arbitrary units

Discussion. At a fixed point, things are more complicated than what is described in
Theorem 2.3 and one must study the tangent matrix Dx∗

F, which is defined by the
expansion

F(x∗ + h) = 0 + Dx∗
Fh +O(|h|2) ,

where h ∈ Rd. The local picture of the flow near the fixed point will depend on the
eigenvalues of the matrix Dx∗

F. If they all have negative real part, the fixed point
is stable, if no eigenvalue is purely imaginary (or 0) it is hyperbolic, and if all are
imaginary, it is called elliptic.

A very readable exposition of mechanics is (Arnold 1978).
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2.2 Formal Definitions

A (classical) physical system is described by the set Ω of all its possible states. It is
usually called the phase space of the system. At any given time, all the properties of
the system can be recovered from the knowledge of the instantaneous state x ∈ Ω.
The system is observed using the so-called observables which are real valued func-
tions on the phase space Ω (for example, the coordinates of position or momentum).
Most often the space of states Ω is a metric space (so we can speak of nearby states).
In many physical situations there are additional structures on Ω: Rd, Riemannian
manifolds, Banach or Hilbert spaces.

As a simple example one can consider a mechanical system with 1 degree of
freedom. The state of the system at a given time is determined by two real numbers:
the position q and momentum p. The state space is therefore R2. A continuous ma-
terial (solid, fluid) is characterized by the field of local velocities, pressure, density,
temperature, and others. In that case one often uses phase spaces that are Banach
spaces.

As time goes on, the instantaneous state changes (unless the system is in a situ-
ation of equilibrium). The time evolution is a rule describing the change of the state
with time. It comes in several flavors and descriptions summarized below.

i) Discrete time evolution. This is a map f from the state space Ω into itself pro-
ducing the new state from the old one after one unit of time. If x0 is the state of
the system at time zero, the state at time 1 is x1 = f(x0) and more generally
the state at time n is given recursively by the iteration xn = f(xn−1). This
is often written xn = fn(x0) with fn = f ◦ f ◦ · · · ◦ f (n-times), where ◦
is the symbol of functional composition: (f ◦ g)(x) ≡ f

(
g(x)

)
. The sequence{

fn(x0)
}

n∈Z+ is called the trajectory or the orbit of the initial condition x0.
(Throughout the book we use Z to denote the integers, N to denote the integers
{1, 2, . . . } and Z+ to denote {0, 1, 2, . . . }.)
If the inverse of f exists, then the orbit is defined also for negative n.

ii) Continuous time semiflow. This is a family
(
ϕt

)
t∈R+ of maps of Ω satisfying

ϕ0 = I , ϕs ◦ ϕt = ϕs+t .

The set
(
ϕt(x0)

)
t∈R+ is called the trajectory (orbit) of the initial condition x0.

Note that if we fix a time step τ > 0, and observe the state only at times nτ
(n ∈ Z+), then we obtain a discrete time dynamical system given by the map
f = ϕτ . (But not every map is the discrete time version of a flow.)

iii) A differential equation on a manifold associated with a vector field F

dx
dt

= F(x) .

This is for example the case of a mechanical system in the Hamiltonian formal-
ism. Under regularity conditions on F, the integration of this equation leads to
a semiflow (and even a flow).
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iv) Other, more complicated situations occur, like nonautonomous systems (in par-
ticular stochastically forced systems), systems with memory, systems with de-
lay, etc., but we will not consider them very often in this book.

A dynamical system is a set of states Ω equipped with a time evolution. If there
is more structure on Ω, one can put more structure on the time evolution itself. For
example, for the case of discrete time, the map f may be measurable, continuous,
differentiable, or have some other form of regularity.

Needless to say, dynamical systems abound in all domains of science. We al-
ready mentioned mechanical systems with a finite number of degrees of freedom
and continuum mechanics. Mechanical systems with many degrees of freedom are
at the root of thermodynamics (and a lot of work has been devoted to the study of
billiards which are related to simple models of gases), one can also mention chemical
reactions, biological and ecological systems, even many random number generators
turn out to be dynamical systems.

A useful general notion is that of equivalence (conjugation) of dynamical sys-
tems.

Definition 2.4. Assume two dynamical systems (Ω1, f1) and (Ω2, f2) are given. We
say that they are conjugated if there is a bijection Φ from Ω1 to Ω2 such that

Φ ◦ f1 = f2 ◦ Φ .

It follows immediately that Φ ◦ fn
1 = fn

2 ◦ Φ, and a similar definition holds for
(semi-)flows. Of course the map Φ may have supplementary properties such as being
measurable or continuous.

Exercise 2.5. Show that the flows associated to two vector fields X and Y are con-
jugated by a diffeomorphism (1-1 invertible differentiable map with differentiable
inverse) Φ if and only if for any point x

DxΦ · X(x) = Y(Φ(x)) .

2.3 Maps

One can reduce a continuous time dynamical system to a discrete time map by the
technique of using a Poincaré section (see Fig. 2.6 for the construction) or by looking
at the time one map. The Poincaré section is obtained by noting each intersection of
the orbit with a hyperplane, and to consider the discrete (but probably irregularly
spaced) times of intersection to define a map from the hyperplane to itself (provided
such intersections really occur).

Similarly one can construct a continuous time system, using the technique of
suspension flow of a discrete time system. One considers a map f : Ω → Ω and a
ceiling function h : Ω → Rt. A flow t → Φt is then defined on ∪x∈Ω

(
x, [0, h(x)]

)

withΦt(x, y) = (x, y+t), as long as y+t < h(x) and when y+t reaches h(x) at time
t0 = h(x)−y one defines Φt0(x, y) =

(
f(x), 0

)
. We refer the reader to the literature

for more details on these constructions (see, for example, (Robinson 2004)).
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×××

C
π

x x0 P (x)

Fig. 2.6. Construction of the Poincaré map around the cycle C on the surface π, that starts at
x0 and ends at x0. The Poincaré map P maps x to P (x) and defines thus a discrete time map
from a flow

2.4 Basic Examples of Maps

The aim of this section is to introduce several simple examples of maps. These ex-
amples are chosen in such a way that each typical behavior we discuss in the book
will usually correspond to one of these examples. Therefore, the examples will be
referred to throughout the book. As we present the examples, we already note some
of their properties. However, these properties will, in general, be described again in
more detail later.

Most of the examples are maps of an interval to itself, and we usually take the
interval to be [0, 1). We use the notation (mod 1) to indicate that the result of a
function is mapped back to [0, 1); that is, x (mod 1) is the fractional part, in [0, 1),
of the number x ∈ R .

Example 2.6. The Interval Map x 
→ 2x (mod 1)
By this we mean the map

f(x) =

{
2x , if 0 ≤ x < 1

2

2x− 1 , if 1
2 ≤ x < 1

.

Note that every point y has 2 preimages and therefore the map f is not invertible. On
the other hand, this example will be the simplest chaotic map with which many ideas
can be explained. We will see that it is indeed a very chaotic map. Its graph is shown
in Fig. 2.7. This map can also be interpreted as doubling the angle on the circle.
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Fig. 2.7. Graphs of the maps f given in Examples 2.6–2.8. Top left: x �→ 2x (mod 1). Top
right: the skew map Eq. (2.3). Bottom: The continuous skew map Eq. (2.4)

Example 2.7. The Skew Map
This map is very similar to Example 2.6 with the difference that the derivative of f
is not constant:

f(x) =

{
3x , if x ∈ [0, 1

3 )
3
2x−

1
2 , if x ∈ [ 13 , 1)

. (2.3)

Its graph is also shown in Fig. 2.7.

Example 2.8. The Continuous Skew Map
This example is very similar to Example 2.7, but it is a continuous function.

f(x) =

{
3x , if 0 ≤ x < 1/3
3
2 −

3x
2 , if 1/3 ≤ x ≤ 1

. (2.4)

Its graph is shown in Fig. 2.7.
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Example 2.9. The Baker’s Transformation
This is a map on the domain Ω = [0, 1)× [0, 1) ⊂ R2. It is defined by

(
x
y

)

→

(
2x (mod 1)

y′

)
,

with

y′ =

{
1
2y , if 0 ≤ x < 1

2
1
2y + 1

2 , if 1
2 ≤ x < 1

.

The baker map is area-preserving and invertible. Its name derives from the way
dough is mixed by bakers. For a drawing, see Fig. 2.12, which illustrates a dissi-
pative version of this map (Example 2.27).

Example 2.10. The Cat Map
This celebrated example (following the destiny of a subset of [0, 1)× [0, 1) with the
shape of a cat) was presented in (Arnold and Avez 1967). It maps Ω = [0, 1)2 to
itself. The map is given by

(
x

y

)

→

(
2x + y (mod 1)
x + y (mod 1)

)
.

This map is area preserving, its inverse is
(
x

y

)

→

(
x− y (mod 1)
−x + 2y (mod 1)

)
,

as can be seen from the matrix form
(

2 1
1 1

)
.

This map is a 2-dimensional version of Example 2.6, and is again very chaotic. All
rational points in [0, 1)2 are periodic points. The destiny of the poor cat is shown in
Fig. 2.8.

Example 2.11. The Circle Rotation
This map is not chaotic. It maps Ω = [0, 1) to itself by

x 
→ x + ω (mod 1) .

If ω is irrational, no point is periodic. If ω is rational, all points are periodic.

Example 2.12. The Torus Rotation
This is a 2-dimensional version of Example 2.11.

(
x

y

)

→

(
x + ω (mod 1)
y + ω′ (mod 1)

)
.

If ω, ω′, and ω/ω′ are irrational, all orbits are dense. (In the cat map not all orbits are
dense, but the cat map is more chaotic.)
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Fig. 2.8. The cat and 3 of its iterates under the cat map. Top left, right, bottom left, right. Try
to find the left and right ears in the third iteration

Example 2.13. The Solenoid
This is a chaotic map from R3 to itself. It maps the torus into itself by winding twice
around (see Figs. 2.9 and 2.10). In this sense, it is close to Example 2.6. In Cartesian
coordinates (u, v, w) it is given by




u
v
w



 
→




cos(2ϕ) (1 + 0.4 cos(ϕ) + r)
sin(2ϕ) (1 + 0.4 cos(ϕ) + r)

0.25w + 0.4 sin(ϕ)



 , (2.5)

with r = 0.25(
√
u2 + v2 − 1) and ϕ = arctan(u/v). In polar coordinates 
 =√

u2 + v2, ϕ = arctan(u/v), w:





ϕ
w



 
→





 + 0.4 cos(ϕ)

2ϕ
0.25w + 0.4 sin(ϕ)



 .
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Fig. 2.9. Two views of the solenoid map (2.5). Top: some cuts of the solenoid and their first 3
iterates, orange, light blue, violet. Bottom: 5000 iterates of an initial point

Exercise 2.14. Show that the solenoid transformation maps the interior of the torus

{u = cos(ϕ)(1 + 0.8 sin(ϑ)), v = sin(ϕ)(1 + 0.8 sin(ϑ)), w = 0.8 cos(ϑ)} ,

ϑ ∈ [0, 2π), ϕ ∈ [0, 2π) injectively into itself (see Fig. 2.10). Show that the injection
is strict; that is, the image is less than the original solenoid.
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Fig. 2.10. Two views of two iterations a torus under the solenoid map of Example 2.13

2.5 More Advanced Examples

We extend the previous list of examples by slightly more complicated ones. In each
of them we first specify the phase space and then the time evolution. These examples
appear often in the literature in equivalent (conjugated) forms.

Example 2.15. Piecewise Expanding Maps
A generalization of the skew map of Example 2.7 is the class of piecewise expanding
maps of the interval. The phase space is again the interval Ω = [0, 1). We fix a
finite sequence 0 = a0 < a1 < . . . < ak = 1 and for each interval (aj , aj+1)
(0 ≤ j ≤ k− 1) a monotone map fj from (aj , aj+1) to [0, 1], which extends to a C2
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map on [aj , aj+1]. The map f on [0, 1] is then given by

f(x) = fj(x) if x ∈ (aj , aj+1) .

This leaves the images of the points aj undefined, and one can choose them for
example as limits from the left. We impose next the (uniform) expanding property:
There are an integer m > 0 and a constant c > 1 such that

∣∣fm′∣∣ ≥ c

at any point where fm is differentiable.
The map 2x (mod 1) is of course an example of a piecewise expanding map of

the interval. A piecewise expanding map of the interval is said to have the Markov
property if the closure of the image of any defining interval (aj , aj+1) is a union of
closures of such intervals. This is of course a topological notion but we will see later
that it has some connection with the notion of Markov chains in probability theory.

Exercise 2.16. Show that a finite iterate of a piecewise expanding map of the interval
is also a piecewise expanding map of the interval.

Example 2.17. Random Number Generators
Most random number generators turn out to be dynamical systems given by sim-
ple expressions. They generate a sequence of numbers that is meant to be a typical
realization of a sequence of independent drawings of a random variable. Since com-
puters act on a finite set of rational numbers, the theory of random number genera-
tors is mostly devoted to the study of the arithmetic properties of the map associated
with the dynamical system (for example, large period, uniform distribution). Some
popular examples are maps of the interval

[
0, 231 − 1

]
given by f(x) = 16,807 x

mod
(
231 − 1

)
or f(x) = 48,271 x mod

(
231 − 1

)
which are among the best gen-

erators for 32 bits machines. We refer to (Knuth 1981; L’Ecuyer 1994; 2004), and
(Marsaglia 1992) for more on the subject and for quality tests.

Example 2.18. The Logistic Map
The previous dynamical systems have discontinuities, and many examples have been
studied which are more regular, but often more difficult to analyze. One of the most
well-known examples is provided by the one-parameter family of quadratic maps.
The phase space is the interval Ω = [−1, 1] and for a value of the parameter ν ∈
[0, 2], the time evolution is given by the map fν

fν(x) = 1− νx2 .

When ν = 2, the corresponding map is called the logistic map. There is a vast
literature on these maps and on the more general case of unimodal maps. These are
maps like 1− νx2 whose graph has one maximum.

Exercise 2.19. Prove that the invertible map Φ(x) = sin(πx/2) on [−1, 1] conju-
gates the map f2 and the map g(x) = 1− 2|x|.
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Fig. 2.11. The graph of the logistic map x �→ 1 − 2x2

Example 2.20. Subshifts
We now describe a more abstract example which is in some sense the general model
for uniformly chaotic systems. Let A be a finite set (often called a finite alphabet).
Let M be a matrix of zeros and ones of size |A|× |A| (|A| denotes the cardinality of
A). The matrix M is often called the incidence matrix. Recall that AZ is the set of
all bi-infinite sequences x =

{
xp

}
p∈Z of elements (letters) of the alphabet A. The

phase space Ω is defined by

Ω =
{
x ∈ AZ

∣∣Mxj ,xj+1
= 1 ∀ j ∈ Z

}
.

The time evolution is the shift map S given by

S(x)j = xj+1 .

Exercise 2.21. Show that S is an invertible map from Ω to itself (in particular de-
scribe the inverse map).

This dynamical system
(
Ω,S

)
is called a subshift of finite type. When all the entries

of the matrix M are equal to 1, the dynamical system is called the full shift. If one
uses N instead of Z in the definition of Ω, one speaks of a unilateral shift (which is
not invertible).
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Consider again the simple case of the map 2x (mod 1). A point of the interval
[0, 1) can be coded by its dyadic decomposition, namely

x =
∞∑

j=1

εj2
−j

with εj = 0 or 1. The decomposition is unique except for a countable set of points.

Exercise 2.22. Describe the countable set of points for which the decomposition is
not unique. See also Example 3.1.

It is easy to verify that the map 2x (mod 1) acts by shifting the dyadic sequence
{εj}. Therefore, if we consider the alphabet with two symbols A = {0, 1}, there is
a conjugation between the dynamical system given by the map x 
→ 2x (mod 1) on
the unit interval and the unilateral full shift over two symbols except for a countable
set.

Exercise 2.23. Explain why on most computers, for any initial condition in the inter-
val [0, 1) the orbit under the map 2x (mod 1) terminates (after 32 or 64 iterations)
on the fixed point x = 0. Do the experiment.

The preceding dyadic coding can easily be generalized to the case of piecewise
expanding Markov map of the interval.

Exercise 2.24. Consider a piecewise expanding Markov map f of the interval with
monotonicity and regularity intervals (aj , aj+1), 0 ≤ j < k (see Example 2.15). To

each point x of the interval we associate the following code σ ∈ AZ
+

on the alphabet
of k symbols A = {0, . . . , k − 1} defined for n = 0, 1, . . . by

σn = j if fn(x) ∈ [aj , aj+1) .

Show that this gives a well-defined and invertible coding except for a countable num-
ber of exceptional points (hint: use the expansivity property). Prove that this coding
defines a conjugacy between the piecewise expanding Markov map f and a unilat-
eral subshift of finite type (start by constructing the transition matrix M of zeros and
ones).

Up to now, all the more advanced examples were 1-dimensional. We now give
examples in two dimensions.

Example 2.25. Skew-product Systems
We consider here some generalizations of the baker’s map of Example 2.9. Recall
that the phase space is the square [0, 1)2 and the baker’s map f is defined as follows

f(x, y) =
{

(2x, y/2) if x < 1/2
(2x− 1, (1 + y)/2) if x ≥ 1/2 .
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This construction is a particular case of a skew-product system, of which many vari-
ants exist. A dynamical system is called a skew-product if the phase space is a prod-
uct space Ω = Ω1 ×Ω2, and the time evolution f has the special form

f(x, y) =
(
f1(x), f2(x, y)

)
.

The dynamical system
(
Ω1, f1

)
is often called the base of the skew product, and the

map f2 is called the action in the fibers. A fiber is a subset of the form {x} ×Ω2. In
the case of the suspension flow of Sect. 2.3 the fiber was {x} × [0, h(x)), so that the
height of each fiber depends on x.

Exercise 2.26. See also Example 3.2 for details. Show that the baker’s map is invert-
ible. To each point (x, y) of the phase space [0, 1)2, we can associate a bi-infinite
sequence σ ∈ {0, 1}Z by

σn =
{

0 , if 0 ≤ fn(x, y)1 < 1/2
1 , otherwise

.

Here fn(x, y)1 denotes the first coordinate of the point fn(x, y) ∈ [0, 1)2. Using
this coding, show that the baker’s map is conjugated (except for a “small” set of
points) to the full (bilateral) shift over two symbols.

Example 2.27. The Dissipative Baker’s Map
Another example of a skew-product is the dissipative baker’s map. The phase space
is again the unit square [0, 1)× [0, 1). The map is for example given by

f(x, y) =

{
(3x, y/4) , if 0 ≤ x < 1/3
((3x− 1/2), (2 + y)/3) , if 1/3 ≤ x ≤ 1

. (2.6)

Many variants of this example exist; see Fig. 2.12.

The above example is discontinuous, and we now present some differentiable
examples.

Exercise 2.28. Prove that the cat map of Example 2.10 is indeed a C∞ map of the
torus with a C∞ inverse.

Example 2.29. The Standard Map of the Torus
A generalization of the cat map is given by the standard map of the 2-torus Ω =
{x ∈ [0, 1), y ∈ [0, 1)}

f(x, y) =
(

2x− y + a sin(2πx) (mod 1)
x

)
.

Exercise 2.30. Prove that the standard map of the torus is C∞ with a C∞ inverse.



22 2 Dynamical Systems

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

.

Fig. 2.12. Several iterations of the square under the dissipative baker’s map (2.6)

Example 2.31. The Hénon Map
Another historically important example is the Hénon map. The phase space is Ω =
R2 and the two-parameter (a and b) family of maps is given by

f(x, y) =
(

1− ax2 + y
bx

)
.

The “historical” values of the parameters are a = 1.4, b = 0.3 (see (Hénon 1976)).
The map is illustrated in Fig. 3.2.

Exercise 2.32. Prove that the Hénon map is invertible with a regular inverse if b �= 0
(determine the formula for the inverse).
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2.6 Examples of Flows

For the case of continuous time dynamical systems, given by vector fields, the most
important example is the case of mechanical systems.

Example 2.33. Hamiltonian Flows
We recall that the phase space is Ω = R2d (or some even dimensional manifold).
The first d coordinates q1, . . . , qd are position coordinates, and the remaining d coor-
dinates p1, . . . , pd are the conjugated momentum coordinates. A real valued function
H
(
q,p

)
is given on the phase space and is called the Hamiltonian of the mechanical

system. The time evolution is given by Hamilton’s system of equations

dqj

dt
= ∂pj

H ,
dpj

dt
= −∂qj

H (j = 1, . . . , n) .

One can also add friction terms. Note that systems with time-dependent forcing
(nonautonomous systems) do not fall in our present description, unless one can give
a dynamical description of the forcing (this often leads to a skew product system).

Example 2.34. The Lorenz Flow
An historically important example in dimension 3 is the Lorenz system. The phase
space is Ω = R3 and the vector field (depending on three parameters σ, r, and b)
defining the time evolution is given by

X(x, y, z) =




σ(y − x)

−xy + rx− y
xy − bz



 . (2.7)

So, for example, dx
dt = σ(y − x). The historical values of the parameters are σ =

10, r = 28, b = 8/3, see (Lorenz 1963). The flow is illustrated in Fig. 3.4. This
equation is obtained as a truncation to three Fourier modes of an equation describing
convection in hydrodynamics.

Example 2.35. Chemical Kinetics
The time evolution of chemical reactions is often described by kinetic equations that
are systems of differential equations for the concentration of the chemical species
involved in the reaction. A much-studied example is the so-called Oregonator which
models the celebrated Belusov–Zhabotinsky reaction. The phase space is R 3

+ (con-
centrations are nonnegative) and the (normalized) flow is given by

dx
dt

= s(x + y − xy − qx2) ,

dy
dt

=− (y + xy − fz)/s ,

dz
dt

=w(x− z) ,

where s, q, f , and w are positive parameters. We refer to (Vidal and Lemarchand
1997) for more examples, references, and applications of dynamical systems to the
study of chemical reactions.
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Example 2.36. Population Dynamics
Dynamical systems also abound in ecology and biology. One of the most studied
examples is the so-called Lotka–Volterra system, which describes the time evolution
of the concentration of a predator–prey system. The phase space is R 2

+ and the flow
of the simplest (normalized) model is given by

dx
dt

=x(1− y) ,

dy
dt

= y(x− 1) .

This model shows the famous oscillation for the concentration of predators (y) and
preys (x). We refer to (Volterra 1990; Murray 2002; 2003) for more references and
examples.

Example 2.37. Partial Differential Equations
The time evolution of many physical systems can be described by a nonlinear par-
tial differential equation (PDE). As a short list we can mention hydrodynamics,
nonlinear elasticity, and nonlinear optics. Chemical, biological, and ecological sys-
tems also lead to nonlinear PDEs when the spatial extension of the system is taken
into account (for example by including diffusion). To give an explicit example, let us
recall the Navier–Stokes equation, describing the motion of a viscous incompressible
fluid in a finite container V .

The state of the system at time t is completely described by the velocity of the
fluid in V . In other words, to each point x ∈ V is attached a vector v(x, t) which
is the velocity of the fluid particle which is at x at time t. The incompressibility
assumption is equivalent to the condition div v = 0, and the presence of viscosity
implies the boundary condition v

∣∣
∂V

= 0 (∂V denotes the boundary of V ). Thus,
for viscous fluids, the normal component of v vanishes because the fluid cannot
cross the wall, and the tangential component vanishes because the viscous friction
would be infinite for nonzero tangential component. This is usually called the no-slip
condition.

The time evolution of the velocity field v(t, x) is given by the Navier–Stokes
equation

∂tv = µ∆v − (v · ∇)v − 1


∇p +

f


,

where µ > 0 is the viscosity, 
 the (constant) density, f(t, x) an external force (grav-
ity for example) acting in each point of the domain V , and p(t, x) the local pressure.
We recall that the pressure term ensures the incompressibility condition in the dy-
namics, and one should solve this equation in the space of divergence free vector
fields. This leads to an equation for the pressure given by

∆p = −
div
(
(v · ∇)v

)
,

and hence to a closed equation for the velocity field v, formally given by

∂tv = µ∆v − (v · ∇)v +∇∆−1div
(
(v · ∇)v

)
+

f


. (2.8)
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Note that the phase space Ω for this problem is infinite dimensional: It is the
space of vector fields inside V with zero divergence and vanishing at the boundary.
Even if we impose some regularity assumption (first and second derivative bounded
for example), the dimension of this space is still infinite.

Exercise 2.38. Assume V is a torus (or in other words one uses periodic boundary
conditions). Use the decomposition in Fourier series to write (2.8) as a system of
infinitely many coupled nonlinear differential equations.

This infinite dimensional phase space creates difficulties in the analysis of the
Navier–Stokes equation. We recall that in space dimension 3, it is still unknown if
for any positive viscosity, Eq. (2.8) with bounded initial conditions leads to regular
(bounded) solutions. This is known for large viscosity or for small enough initial
conditions. Although these cases have a few interesting applications, these regimes
are less interesting than the regime of small viscosity and large initial conditions
where the phenomenon of turbulence develops.

The situation is somewhat better in dimension 2 where, for regular domains,
regular forcings, and bounded initial conditions, the solutions are known to exist, to
be unique and regular. We refer to (Constantin and Foias 1988) for more details. We
will briefly comment on the results for these somewhat more complicated, although
important, systems when appropriate.
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Topological Properties

3.1 Coding, Kneading

In any experiment, one has to use a measuring apparatus which naturally has only
a finite precision. In this section, we take the first steps to formalize this. One for-
malization will be based on partitioning the phase space into pieces and considering
that the experiment will only tell us in which piece of the partition (called an atom) a
point currently is, but not where inside this piece it happens to be. This is analogous
to classical coarse-graining in statistical mechanics. (Later, we will also encounter
partitions with different weights on the pieces.) Thus, we know only a fuzzy ap-
proximation of the true orbit of the system. As we shall see, one of the miracles
appearing in hyperbolic systems is that this information alone, when accumulated
over long enough time, will in fact tell us many details about the orbit. In physical
applications, one often can observe only one orbit and the information one obtains
is considered to be typical of the whole system. We discuss this in more detail in
Chap. 9.

One can formalize this set of ideas in several ways, and two of them are particu-
larly useful.

i) The phase space Ω is a metric space with metric d. For a given precision ε > 0,
two points at distance less than ε are not distinguishable.

ii) One gives oneself a (measurable) partition P of the phase space,

P =
{
A1, . . . , Ak

}
(k finite or infinite) ,

with Aj ∩A� = ∅ for j �= � and

Ω =
k⋃

j=1

Aj .

The elements of the partition are called atoms. Two points in the same atom of
the partition P are considered indistinguishable. If a measure µ is given on the
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phase space, it is often convenient to use partitions modulo sets of µ-measure
zero.

The notion of partition leads naturally to a coding of the dynamical system de-

fined by the map f on the phase space Ω. This is a map Φ from Ω to
{
1, . . . , k

}Z
+

given by
Φn(x) = � if fn(x) ∈ A� .

If the map is invertible, one can also use a bilateral coding. If S denotes the shift on
sequences, it is easy to verify that Φ ◦ f = S ◦ Φ. In general Φ(Ω) is a complicated

subset of
{
1, . . . , k

}Z
+

; i.e., it is difficult to say which codes are admissible. There
are however some examples of very nice codings like for Axiom A attractors (see
(Bowen 1975; Keane 1991; Ruelle 2004)).

Example 3.1. This provides details to Exercise 2.22. For the map f : x 
→ 2x
(mod 1), the phase space is Ω = [0, 1) and one can take the partition P = I0 ∪ I1
with I0 = [0, 1/2), I1 = [1/2, 1). In this case, the coding of x is the index of the
set Ij in which x lies. This is simply the first digit of the binary representation of the
real number x.

Note that boundary points of the pieces I0 and I1 have ambiguous representations
(and the same is true for their preimages under f ) since, for example, the point x =
1/2 has the representations

x = 0.0111111 . . . = 0.1000 . . . .

Take now a point x ∈ [0, 1), then, apart from the ambiguity mentioned above, the
representation of x in the number system of base 2 is x = 0.i1i2i3 . . . with i� ∈
{0, 1}. The nice thing is that f maps x to x′ as

x = 0.i1i2i3 . . . 
→ f(x) = x′ = 0.i2i3i4 . . . .

Thus, the coding of f is a shift of the digits (to the left). Note furthermore the obvious
relation

x =
∞∑

�=1

i�2
−� .

Note that the point fn−1(x) is in I0 = [0, 1
2 ) if in = 0 and in I1 = [12 , 1) if in = 1,

for n = 1, 2, . . . .

Example 3.2. This provides details for Exercise 2.26 For the baker’s transforma-
tion, the coding is as follows: One chooses I0 = {(x, y) | x ∈ [0, 1

2 )}, and
I1 = {(x, y) | x ∈ [12 , 1)}. If

x = 0.i1i2 . . . and y = 0.j1j2 . . .

then write the formal real number (in binary notation)

z = . . . j3j2j1.i1i2i3 . . .
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and its image z′ is then just multiplication by 2; i.e., it is again a shift, but this time
on the bi-infinite sequences:

z′ = . . . j3j2j1i1.i2i3 . . . .

For the coordinates, this leads to

x′ = 0.i2i3i4 . . . and y′ = 0.i1j1j2 . . . .

Note that the periodic points are dense: Given x, y as above and a small ε, which we
assume of the form ε = 2−n+1, we will find a periodic point within ε of x, y. To do
this, define

x̂ = 0.i1 . . . injn . . . j2j1 i1 . . . injn . . . j2j1︸ ︷︷ ︸
indefinitely repeated

,

ŷ = 0.j1 . . . jnin . . . i2i1 j1 . . . jnin . . . i2i1︸ ︷︷ ︸
indefinitely repeated

.

Clearly, |x− x̂| ≤ 2−n+1, |y − ŷ| ≤ 2−n+1, and, by construction, (x̂, ŷ) is periodic
of period 2n (just shift). Note that the periodic points have rational coordinates.

Example 3.3. The cat map f has a finite coding with 4 pieces that is not quite so sim-
ple, which we will discuss in detail later. But the curious reader can already peek at
Fig. 4.11 which shows a useful partition for that case. In analogy to the previous ex-
amples, we mention the recurring fact that in such (hyperbolic) systems the periodic
points are dense: For the cat map, it is again exactly the set of points with rational
coordinates. To see it, consider any point (the letters a, b, p mean integers here)

(x, y) =
(
a

p
,
b

p

)

→

(
2a + b

p
,
a + b

p

)
(mod 1) .

Note that the denominator p does not change under the mapping, and therefore there
are at most p2 different points. Thus, there must exist integers q, s, a′, and b′ such
that

fs

(
a

p
,
b

p

)
=

(
a′

p
,
b′

p

)
,

and

fq

(
a′

p
,
b′

p

)
=

(
a′

p
,
b′

p

)
.

Since f is invertible, f acts as a permutation of the p2 different points, this shows
that (a/p, b/p) is a periodic point (of a period which divides p2). Since p, a, and b
are arbitrary, the assertion follows.
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3.2 Topological Entropy

When describing complexity one has two choices: Topology or metric spaces. In
general, we will work with metric spaces, but some concepts need only topology.
Furthermore, we will need sometimes spaces with a measure, and in such a case,
measure spaces are adequate.

We recall the basic axioms of these points of view.

3.2.1 Topological, Measure, and Metric Spaces

For the convenience of the reader, we recall the main differences between topological
and measure spaces (see Table 3.1). While the former are more general, the latter
occur more frequently in applications. A metric space M is a space with a distance

Table 3.1. Comparison of topological axioms and the axioms of Borel sigma-algebras

Topological space Measure space
Usage Continuity Integration
Basic ingredients Open sets O, closed sets Borel sets B

(Unions, intersections of intervals)
Unions ∪iOi = O ∪countableBi = B
Intersections ∩finiteOi = O ∩countableBi = B
Complement Oc = closed Bc also a Borel set
Property f is continuous if f−1(O) = O′ f is measurable if f−1(B) = B′

Measures µ(∪disjointBi) =
∑

i µ(Bi)

function d : M ×M → R+, namely a non-negative symmetric function satisfying
the triangle inequality d(x, y) + d(y, z) ≥ d(x, z), and such that d(x, y) = 0 if and
only if x = y. The open balls in a metric space obviously define a topology.

Example 3.4. A class of metrics we use quite often on sequences of symbols is given
as follows: For two sequences x = {xn} and y = {yn} we denote by δ(x,y) the
smallest index (in absolute value) where these two sequences differ, namely

δ(x,y) = min
{
|q|

∣∣xq �= yq

}
. (3.1)

For a given number 0 < ζ < 1 we define a distance dζ (denoted simply by d when
there is no ambiguity in the choice of ζ) by

dζ(x,y) = ζδ(x,y) .

3.2.2 Some Examples

As we will see several times, a recurrent theme in the study of dynamical systems is
counting orbits. The idea is that a system with complex behavior has many different
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orbits. Here, we start with a first approach to counting pieces of a partition, which
will lead to a precise version of the previous idea. This procedure is at the basis of
the idea of topological entropy.

Example 3.5. The interval map f : x 
→ 2x (mod 1)
Define

Q(i0, . . . , in−1) = {x | f j(x) ∈ Iij
for j = 0, . . . , n− 1} .

Here, as before, I0 = [0, 1
2 ) and I1 = [12 , 1). For example,

Q(101) = {x ∈ R | x = 0.101 . . .} = [5/8, 6/8] .

Nonempty Q’s describe which intervals the orbits visit, and in which order. In partic-
ular, for our map and for any choice of i0, . . . , in−1, one hasQ(i0, . . . , in−1) �= ∅, (in
fact Q(i0, . . . , in−1) is an interval whose Lebesgue measure is |Q(i0, . . . , in−1)| =
2−n) and in particular

Nn ≡ card
{
{i0, . . . , in−1} | Q(i0, . . . , in−1) �= ∅

}
(3.2)

satisfies
Nn = 2n ,

where cardS denotes the cardinality of the set S. Thus, Nn counts the number of
different patterns of length n of visits to I0 and I1 which the orbits of f can produce.
The topological entropy is then defined by

htop = lim
n→∞

1
n

logNn ,

which in the present case leads to htop = log 2. This means that there are Nn ≈
enhtop = en log 2 different types of orbits.

Example 3.6. The circle rotation: f : x 
→ x + ω
We consider the case of irrational ω. If we define Nn as in (3.2), and I0, I1 as before,
but now for the rotation map, we find that Nn = 2(n + 1), which is much smaller
than in the preceding example. We call this the “Swiss Chocolate Theorem”: Swiss
chocolate has 24 pieces, and to get them all you must break the tablet 23 times, since
each break produces exactly one new piece, no matter in which order you break.
For the case of the map f , since the preimages are unique, and the boundaries of
the Qn’s are those points which land on either 0(= 1) or 1

2 , we see that there are
exactly 2(n + 1) of them (as each preimage “breaks” exactly one of the intervals
which already exist, and we start with 2 pieces). Thus

htop = lim
n→∞

1
n

logNn = 0

and therefore the number of possible types of orbits grows slower than any exponen-
tial.



32 3 Topological Properties

Remark 3.7. One can also see this as the phenomenon of “omitted digits.” By the na-
ture of the map, the sequences of consecutive zeros are bounded by some number, m.
This is indeed a very strong restriction on the set of possible sequences. An amusing
example is as follows: The sum

∑∞
n=1

1
n is well known to diverge. However, if we

restrict the sum to those n that do not contain the digit 9 in their decimal expansion,
then it is bounded by 27.2.1

We refer to (Fogg 2002) and references therein for other examples of topological
and symbolic dynamics.

3.2.3 General Theory of Topological Entropy

This subsection is mostly after (Denker, Grillenberger, and Sigmund 1976).
Open covers. Let

U = {Uα}
be a covering of a compact space X by open sets Uα, where α is in some countable
index set, that is ∪αUα = X . This is called an open cover. Let

U ′ = {U ′
β}

be another such cover. Then one says that U ′ is finer than U , written as

U ′ ≥ U ,

if for each α there is a β for which U ′
β ⊂ Uα. One calls a cover U ′ a subcover of U ,

written as U ′ ⊂ U , if U ′
β ∈ U ′ implies that also U ′

β ∈ U . In other words, U ′
β is one

of the Uα. Finally,
U ∨ U ′

is the common refinement of U and U ′ and is the cover whose elements are the Uα ∩
U ′

β , empty sets being omitted. If f is a continuous surjective map, then f−1(U) =
{f−1(Uα)}.

Example 3.8. Consider again the map f : x 
→ 2x (mod 1) and U = {I0, I1}, with
I0, I1 as before. This is not an open cover, just two open sets which almost cover
[0, 1], but for the example, this is good enough. Clearly, in binary notation,

I0 = {x | x = 0.0 . . . } ,
I1 = {x | x = 0.1 . . . } ,

where for the dots one can choose any sequence of 0’s or 1’s (except all 1’s). Then

f−1(I0) = {x | x = 0.00 . . . or x = 0.10 . . . } ,
f−1(I1) = {x | x = 0.01 . . . or x = 0.11 . . . } .

1 Better bounds are possible, this one is (1 − 9
10

)−1 ∑8
n=1

1
n

.
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We next define N(U) as the minimal number of pieces of all subcovers of U .
That is, a subset of the set {Uα} with a minimal number of pieces which covers X .
Finally, one defines

H(U) = logN(U) .

The following results are easy to check:

Proposition 3.9.
H(U) ≥ H(f−1(U)) .

Proposition 3.10.
H(U ∨ U ′) ≤ H(U) + H(U ′) .

One next defines

(U)n
0 ≡ U ∨ f−1(U) ∨ · · · ∨ f−n(U) ,

and then N
(
(U)n−1

0

)
is just the smallest cardinality of a family of n-tuples of ele-

ments of U such that for any x ∈ X there exists an n-tuple (Uα0
, . . . , Uαn−1

) so
that

fk(x) ∈ Uαk
for k = 0, . . . , n− 1 .

Lemma 3.11. For any open cover U the limit

H(U , f) ≡ lim
n→∞

1
n

logN((U)n−1
0 ) (3.3)

exists.

H(U , f) is called the topological entropy of the map f for the open cover U .

Definition 3.12. The expression

htop(f) = sup{H(U , f) | U an open cover of X} ,

is called the topological entropy of f .

Remark 3.13. For the Example 3.8 one has H(U , f) = log 2 as well as htop = log 2.

Proof of Lemma 3.11. One has, by Props. 3.9 and 3.10,

H((U)10) = H(U ∨ f−1(U)) ≤ H(U) + H(f−1(U)) ≤ 2H(U) ,

so that 1
nH((U)n−1

0 ) ≤ H(U) by induction. If we call hn = H((U)n−1
0 ), then we

have
hm+n ≤ hm + hn , (3.4)

which is called the subadditivity property. It implies

lim
n→∞

hn

n
= inf

m

hm

m
. (3.5)
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Proof of Eq. (3.5). Fix m ∈ N . Every n ∈ N can be uniquely decomposed as
n = km + � with k and � < m nonnegative integers. Then, by applying repeatedly
(3.4), one gets

hn ≤ khm + �h1 ,

hn

n
≤ hm

m
+

�

n
h1 ,

so that

lim sup
n→∞

hn

n
≤ hm

m
.

Since this is true for every m and inf ≤ lim inf , we get

lim sup
n→∞

hn

n
≤ inf

m

hm

m
≤ lim inf

n→∞

hn

n
,

and this means that the limit in (3.5) exists and is equal to the infimum.
Translating all this back to hn = H((U)n−1

0 ) = logN((U)n−1
0 ), we see that

(3.3) holds.

3.2.4 A Metric Version of Topological Entropy

This is due to Bowen and Dinaburg (Bowen 1971; Dinaburg 1971). We now assume
the space X has a distance function d(x, y). All we need is the triangle inequality. In
addition, we fix a map f .

Definition 3.14. The finite set Sn,ε of points is called (n, ε)-separated (also called
ε-different before time n) if for all x �= y ∈ Sn,ε there is a k, 0 ≤ k < n, for which

d
(
fk(x), fk(y)

)
> ε .

We let s(n, ε) = max |Sn,ε|, where the maximum is over all possible choices of Sn,ε.

The idea is to place as many points as possible into X but to make sure that the orbits
of any 2 of them are at least once separated by ε during the first n− 1 iterations.

Example 3.15. If X = [0, 1), then obviously, s(0, ε) ≈ 1/ε, since we can just place
that many points at distance ε, and we are considering 0 iterations.

Example 3.16. For the rotation x 
→ x + ω (mod 1), one finds that

s(n, ε) ≈ 1
ε
,

for all n, because for n = 0 we are in the case of Example 3.15 and because the
rotation map preserves distances between points.
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Example 3.17. For the map x 
→ 2x (mod 1), one has, e.g.,

S3, 1
4

=
{

0,
1
8
,
2
8
, . . . ,

7
8

}
,

namely the points {0.000, 0.001, . . . , 0.111}. (The images are at least once at dis-
tance 1

2 .) Generalizing, we find

s

(
n,

1
4

)
∼ 2n .

Definition 3.18. One defines

s(ε) = lim sup
n→∞

1
n

log s(n, ε) ,

and then
hd = lim

ε↘0
s(ε) .

The limit exists because s(ε) is a nonnegative decreasing function of ε.

Proposition 3.19. If X is a compact space then htop = hd.

We first need a second, “dual” definition to s(n, ε).

Definition 3.20. The finite set Gn,ε of points is called (n, ε)-spanning (we use G for
generating) if for every x ∈ X , there is a y ∈ Gn,ε such that for all k, 0 ≤ k < n,

d
(
fk(x), fk(y)

)
≤ ε . (3.6)

We let g(n, ε) = inf |Gn,ε|, where the minimum is over all possible Gn,ε.

The idea here is that the points in Gn,ε are sufficiently dense so that the first n points
of the orbit of any x ∈ X are not more than ε away from the orbit of some point in
Gn,ε.

Although the two definitions seem quite different, they are closely related: One
has the inequality

Lemma 3.21. g(n, ε) ≤ s(n, ε) ≤ g(n, ε/2) .

Proof of Lemma 3.21.

i) Every Sn,ε which maximizes s(n, ε) is a Gn,ε. Indeed, suppose the contrary.
Since Sn,ε cannot serve as a Gn,ε, there is at least one x such that (3.6) fails for

all y ∈ Sn,ε, that is for some k, 0 ≤ k < n, one has d(fk(x), fk(y)) > ε. But
this means that x can be added to Sn,ε, which contradicts the assumption that it
was maximal. So, the first inequality of Lemma 3.21 is proved.
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ii) Here, we use the triangle inequality: Let Gn,ε/2 be a set which realizes the
minimum g(n, ε/2). Then, for all x ∈ X there is a z(x) ∈ Gn,ε/2 such that
(3.6) holds:

d
(
fk(x), fk(z(x))

)
≤ ε/2 for all k = 0, . . . , n− 1 .

If x1 �= x2 ∈ Sn,ε, then it follows that z(x1) �= z(x2), since otherwise

d
(
fk(x1), f

k(x2)
)
≤ d

(
fk(x1), f

k(z(x1))
)

+ d
(
fk(z(x2)), f

k(x2)
)
≤ ε ,

for all k = 0, . . . , n which contradicts the definition of Sn,ε. Thus |Sn,ε| ≤
|Gn,ε/2|, and the second inequality of Lemma 3.21 is shown as well. ��

Proof of Prop. 3.19.

i) We first show hd ≤ htop. Given an ε > 0, let S be an (n, ε)-separated sub-
set of X , and let U be an open cover of X by sets Uα of diameter less than
ε. By construction of S, two points x1 �= x2 cannot lie in the same n-tuple
(Uα0

, . . . , Uαn−1
) and therefore s(n, ε) ≤ N((U)n−1

0 ) from which we con-
clude s(ε) ≤ H(U , f).

ii) The inequality htop ≤ hd. Let U be an open cover of X . There is an ε > 0
such that for any x ∈ X the ball Bε(x) of radius ε centered at x is contained
in one Uα(x). We now use a G which is a minimal (n, ε)-spanning set with
|Gn,ε| = g(n, ε). Fix z ∈ G and choose for each k = 0, . . . , n − 1 an element

Uαk(z) of U which contains the ball Bε(f
k(z)). By the definition of G, there is

for every x ∈ X a z ∈ G so that fk(x) ∈ Bε(f
k(z)), for k = 0, . . . , n − 1.

Thus, fk(x) ∈ Uαk(z) and the family

{Uα0(z) ∩ · · · ∩ f−(n−1)(Uαn−1(z)) | z ∈ G}

is a subcover of (U)n−1
0 . Therefore, N((U)n−1

0 ) ≤ |G| = g(n, ε) and the asser-
tion follows. ��

Useful properties. We enumerate here a few useful consequences (without proof) of
the above definitions and results.

i) For two different (but equivalent) metrics d, d′ on X one has

hd = hd′

which shows that the complexity measured by topological entropy does not de-
pend on how the distances are measured (and we can omit the index d).

ii)
h(fk) = kh(f) .
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iii) If f is a Lipschitz map on Rp with |f(x)− f(y)| < C · |x− y|, then

h(f) ≤ max(0, p logC) .

(In particular, for the map f : x 
→ 2x (mod 1) we get the bound h(f) ≤ log 2,
which is saturated as we have seen before.)

iv) For unimodal maps, such as f : x 
→ 1 − νx2 on [−1, 1] (with ν ∈ [0, 2]), we
let Mn(f) be the number of extrema of the graph of fn. Then

htop(f) = lim
n→∞

1
n

logMn(f) .

v) The topological entropy is a topological invariant:

h(f) = h(g−1 ◦ f ◦ g) ,

where g is any continuous coordinate change. The importance of this for physics
is that clearly, h does not depend on any deformation of the signal by a measur-
ing apparatus.

vi) One would like to know whether a system is chaotic, so one would like to have
lower bounds on h. Those are difficult to get. The most spectacular such result
is the following

Theorem 3.22. If f is unimodal, and has a periodic orbit whose period is of the
form p ·2n, with p odd, p ≥ 3 and n an integer, then h(f) > 2−n log(λp) where

λp is the largest positive solution of xp − 2xp−2 − 1 = 0. Thus h > 0 which
means that one has topological chaos.

This theorem is a generalization of a celebrated result of Li and Yorke (Li and
Yorke 1975): “Period 3 implies chaos.”

Up to now, we have only counted how often certain regions are reached, but the
topological entropy has no notion of how long one stays in a given region. In this
respect, it corresponds to the microcanonical ensemble, which gives equal weight to
all points. Starting from Chap. 5, we will consider these weights sense.

We come back to the Definition 3.18 as

htop = lim
ε↘0

lim sup
n→∞

1
n

logNn(ε) ,

whereNn(ε) = s(n, ε) of that definition. We show in Fig. 3.1 the topological entropy
as a function of the parameter for the one-parameter family fν of quadratic maps of
Example 2.18.

A positive topological entropy means that there are a large number of quali-
tatively different trajectories. It is an indication of chaos. A transverse homoclinic
crossing already implies a positive topological entropy; we introduce this concept in
Sect. 4.4.2. However, this chaos may occur in a very small, irrelevant, part of the
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Fig. 3.1. Topological entropy as a function of the parameter for quadratic family of Exam-
ple 2.18. The entropy is known to be monotonically increasing, with flat pieces corresponding
to the “windows” one can see in Fig. 3.5

phase space. For example, one can have a stable periodic orbit whose basin of at-
traction (the set of points that converge to the periodic orbit) is almost all the phase
space and a fractal repeller of small dimension, zero volume, supporting all the pos-
itive topological entropy. This is what happens, for example, for (unimodal) maps
of the interval with a stable periodic orbit of period 3, and has led to the famous
statement that period 3 implies chaos (see (Li and Yorke 1975) and, e.g., (Collet and
Eckmann 1980) for its generalization). As we have already mentioned, in general
one does not observe all the trajectories but only the typical trajectories with respect
to a measure (a Physical measure for example).

3.3 Attractors

In the study of dynamical systems there is an interplay between the geometric and
ergodic approach. One of the first examples comes from the notion of attractor in
dissipative systems. Several possible definitions for an attractor exist. We adopt the
following one, formulated for discrete time evolution. There is an analogous notion
for continuous time evolution. We say that a subset A of the phase space is invariant
under the map f if f(A ) ⊂ A .

Definition 3.23. A (compact) invariant subset A of the phase space is an attracting
set if there is a neighborhood V of A such that for any neighborhood U of A , there
is an integer nU such that for any n > nU , fn(V ) ⊂ U .

In particular, all orbits with initial condition in V accumulate on A .
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Fig. 3.2. Attractor of the Hénon map, a = 1.4, b = 0.3. Starting from the point (x, y) =
(0.1, 0.3) one iterates first 200 times without plotting to “reach” the attractor. Shown is a
representative subset of the next 100,000 iterations

Definition 3.24. We will say that a (compact) invariant subset A of the phase space
is an attractor if it is an attracting set containing a dense orbit.

We refer to (Ruelle 1989b) and (Guckenheimer and Holmes 1990) for more on
these notions. The basin of attraction of an attracting set A is the set of initial condi-
tions whose orbit accumulates on A . Attractors may have complicated geometry in
which case they are called strange attractors (see also (Eckmann and Ruelle 1985a;
Milnor 1985a;b) for further discussions of how to define attractors). We now present
some pictures of attractors.

Figure 3.2 is a plot of the “attractor” for the Hénon map of Example 2.31. This
picture was obtained by starting with an initial condition at (0.1, 0.3), iterating a
large number of times to be as near as possible to the attractor, and then plotting a
certain number of the following iterations supposed to visit densely the attractor.

A subset V for checking that we have an attracting set and its first two iterates
are shown in Fig. 3.3, again for the Hénon map. The attractor of the Lorenz system
(2.7) is shown in Fig. 3.4.

Remark 3.25.

i) The simplest attractors are the stable fixed points (stationary solutions) and the
stable periodic orbits (stable invariant cycles).
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Fig. 3.3. The neighborhood V (dashed blue) and two of its iterates (dashed red and black) for
the Hénon attractor, a = 1.4, b = 0.3
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Fig. 3.4. Attractor of the Lorenz system, for the parameter values σ = 10, r = 28, and
b = 8/3

ii) If the dynamical system depends on a parameter, the attractor will also in general
change with the parameter, not only quantitatively but also qualitatively as oc-
curs for example in bifurcations. In Fig. 3.5 we draw the attractor of the quadratic
family of Example 2.18 as a function of the parameter. One sees in particular the
famous sequence of period doubling bifurcations.
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Fig. 3.5. The attractors of the quadratic family as a function of the parameter ν. We chose
600 equally spaced values of ν. For each of them, we start at x0 = 0.3 and iterate the map
fν : x �→ 1 − νx2 for 600 times, leading to x600 = f600

ν (x0). We then plot the next 300
points x601 to x900 on the vertical axis

iii) A dynamical system may have several attractors in the same phase space, as for
example the pendulum of Fig. 1.1.

iv) Each attractor has its own basin: this is the set of initial conditions that are at-
tracted to it.

v) The boundaries of the basins are in general complicated invariant sets, repelling
transversally (toward the attractors). A well-known example is provided by the
Newton method applied to the equation z3 = 1. The map, in the (extended)
complex plane, is given by zn+1 = f(zn) = zn − (z3

n − 1)/(3z2
n) = (2zn +

1/z2
n)/3. It has the three stable fixed points (attractors): e2πin/3, n = 0, 1, 2

(which are the solutions of z3 = 1). Figure 3.6 is a drawing of the three basins
of attraction of these three fixed points. In other words, just as with the pendulum
example of Chap. 1, the three basins of attraction are open sets whose boundaries
coincide: Each boundary point of two countries is also a boundary point of the
third one. The boundary points are found as the successive preimages of z = 0;
see also (Eckmann 1983).

vi) The concept of attractor is only suitable for the study of dissipative systems. Vol-
ume preserving systems do not have attractors, in particular mechanical systems
without friction do not have attractors.

Exercise 3.26. Show that the attractor of the dissipative baker’s map (2.6) is the
product of a Cantor set by a segment (see Fig. 2.12). The reader who is not familiar
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Fig. 3.6. The three attracting regions for the map of the Newton algorithm which finds the
roots of z3 = 1. The picture shows the domain |Re z|, |Im z| < 2. The three fixed points
exp(2πin), n = 0, 1, 2, are indicated in black. Note that the boundary points of the three
regions coincide

with Cantor sets can peek at Exercise 5.19 and Fig. 5.5 to get a preliminary idea of
the concept.

We now make some comments about the attractors for partial differential equa-
tions (see Example 2.37). As was mentioned before, in this case the phase space is
infinite dimensional, and compactness is a much stronger requirement than being
bounded. It turns out that in many situations, it has been rigorously shown that there
exists a compact attractor. This holds in particular for dissipative systems. The rea-
son is that the time evolution often regularizes the solution. Consider for example
the Navier–Stokes equation (2.8) in space dimension 2 with periodic boundary con-
ditions (in other words on the torus) with a regular forcing. One can show that if one
starts with a bounded but not so regular initial condition, then in a finite time the so-
lution becomes very regular, even analytic if the forcing is analytic. This regularizing
effect is a source of compactness often used in the proofs of existence of compact
attractors. We refer to (Temam 1997; Ruelle 1984) for more details.
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Note however that a compact set in an infinite dimensional phase space can be
somewhat weird. It can look somewhat like a sea urchin throwing pins in infinitely
many orthogonal directions. A better result would be to know that an attractor is
finite dimensional (we discuss more precisely in Sect. 6.3 the notion of dimension of
a set). Unfortunately, a set of finite dimension in an infinite dimensional space can
also be pretty weird, although we will see later on (see Mañé’s Theorem in Sect. 9.4),
that it can be faithfully represented in a finite dimensional space.

A better notion has been investigated which is called an inertial manifold. This is
a compact piece of (finite dimensional) manifold (hypersurface), which is an attract-
ing set (and hence invariant) (see (Foiaş and Temam 1979)). In particular, it attracts
transversally all the orbits. For some partial differential equations, the existence of
such inertial manifolds has been proven. Unfortunately, this is still an open question
for the 2-dimensional Navier–Stokes equation. Another drawback is that often one is
unable to show that these inertial manifolds are regular enough. The picture is how-
ever quite nice: there is a finite dimensional manifold that attracts all the trajectories
(at least locally) and which therefore contains the asymptotic dynamics. It is there-
fore enough to restrict the study of the system to these finite dimensional objects.
In that sense we have finally gotten rid of the infinite dimensional phase space. We
refer to (Temam 2001; Novo, Titi, and Wynne 2001) for results and applications to
numerical simulations.

From a physical point of view, partial differential equations with their infinite
dimensional phase space have infinitely many degrees of freedom. If there exists a
finite dimensional inertial manifold, the picture is much nicer. The coordinates along
the manifold describe the relevant degrees of freedom, while the transverse directions
(which are contracted at least on average) describe the infinitely many degrees of
freedom which are slaved to the relevant ones.



4

Hyperbolicity

This chapter deals with the sources of chaotic behavior. The theory relies on two
fundamental concepts. The first, called hyperbolicity, deals with the issue of insta-
bility. It generalizes the notion of unstable (or stable) fixed point, to points which are
neither fixed nor periodic. The second concept is called Axiom A (of Smale) and its
definition asks for an abundance of periodic points (in a hyperbolic set). Important
consequences of this definition are a certain stability of the results with respect to
(small) changes of the dynamics, and this is of course very important for physical
applications when the exact equations are not known. As a second consequence, one
can obtain for Axiom A systems a coding of the type we have seen in Example 3.8
for the special case of the map f : x 
→ 2x (mod 1).

One of the earliest examples of a dynamical system (flow) with hyperbolic be-
havior is the geodesic flow on the tangent space of compact surfaces with constant
negative curvature. The norm of the velocity is conserved (the analog of the conser-
vation of the energy), and one can look at the motion on the unit tangent bundle.
In this time evolution, each point moves along a geodesic on the manifold as time
progresses, and the velocity direction changes accordingly. The negative curvature
makes the orbits of nearby points separate exponentially. Many ideas and concepts
of dynamical systems were first developed for the geodesic flow and then extended
to general hyperbolic systems. We refer to (Arnold and Avez 1967; Anosov 1969)
and (Katok and Hasselblatt 1995) for more references, the history, and the detailed
study of these systems.

We begin by looking at the tangent map for a smooth dynamical system. We
consider a compact manifold M (of dimension d). The tangent bundle (the collection
of tangent spaces) is defined as

TM =
⋃

x∈M

TxM ,

where TxM is the tangent space to M at x. On M there acts a differentiable map f .
This means that f : M →M and (in case M = Rd), Taylor’s formula can be written
as
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f(x + ξ) = f(x) + Dxfξ +O(ξ2) , (4.1)

where Dxf is the differential of f evaluated at x (the d× d matrix of partial deriva-
tives). If ξ ∈ TxM then Dxfξ is, by (4.1), in Tf(x)M and thus, Dxf maps TxM to
Tf(x)M . In other words, it is a map from the tangent space at x to the tangent space
at f(x), sometimes called the tangent map. Note that if x is a fixed point of f , then
TxM = Tf(x)M .

Definition 4.1. In the case of M = Rd, if x0 is a fixed point of a map f , the affine
map x 
→ x0 + Dx0

f(x − x0) is called the linearization (or linearized map of f at
x0).

The chain rule of differentiation takes the form

f2(x + ξ) = f(f(x + ξ)) = f(f(x)) + Df(x)f ·Dxf · ξ +O(ξ2) ,

so that the tangent map of f2 is obtained by matrix multiplication, more generally:

Dx(fn) = Dfn−1(x)f · · ·Df(x)f ·Dxf .

In any multidimensional situation, the order of multiplication of the matrices is im-
portant.

We will usually assume that f is a diffeomorphism, that is, a 1–1 invertible dif-
ferentiable map with differentiable inverse, so that the construction above can also
be done for the inverse map f−1.

Exercise 4.2. Check that Df(x)(f
−1) ·Dxf is the identity matrix.

4.1 Hyperbolic Fixed Points

In this section, we study what happens near a (hyperbolic) fixed point of the map f .
We begin by the analysis of linear maps and show then how the results extend to the
nonlinear case. We then show how one changes to normal coordinates in Sect. 4.1.2.
In Sect. 4.1.3 we study what kinds of obstacles one finds to smooth conjugation.

Let x0 be a fixed point for a transformation f acting on Rd (namely, f(x0) = x0).
We have seen in (4.1) that locally the dynamics is governed by the differential Dx0

f
of the map at the fixed point. The nth iterate of the tangent map is given by the
matrix (Dx0

f)n.
In the case where the tangent map Dx0

f is hyperbolic (namely it has no eigen-
value of modulus one), some vectors are contracted exponentially fast by the iterates
of the linearized map (we say they belong to the stable subspace Es

x0
) while others

are exponentially expanded (we say they belong to the unstable subspace Eu
x0

).
Here, the linear space of stable directions Es

x0
is formed by the (spectral)

subspace corresponding to the eigenvalues of Dx0
f of modulus less than 1, while

the unstable subspace Eu
x0

corresponds to those of modulus greater than 1.
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Definition 4.3. The point x0 is a hyperbolic fixed point of the map f if f(x0) =
x0 and if Dx0

f has no eigenvalues of modulus equal to 1. We call then Dx0
f a

hyperbolic matrix.

Remark 4.4. From the definition of hyperbolicity, it follows that Tx0
M = Es

x0
⊕Eu

x0
.

We also emphasize that the spectral theory is done in the reals. The matrix Dx0
f

has real entries but may have complex eigenvalues. The corresponding eigenvectors
may have nonreal components and are not defined in the real setting (i.e., in the
real vector space Tx0

M ). On the other hand, the spectral subspaces Es
x0

and Eu
x0

are well defined in the real vector space Tx0
M (roughly speaking, for a nonreal

eigenvector one should consider the 2-dimensional real subspace generated by its
real and imaginary part).

We now consider in more detail the dynamics near the point x0.
We start with the simple case where f has x0 as a fixed point and is affine on Rd.

We then change the coordinate system so that the fixed point x0 coincides with the
origin. Then we can write our transformation as

f(x) = Ax,

where A = D0f defines a linear map; that is, A is a d× d matrix.
If all the eigenvalues of A are of modulus less than 1, then the iterate of any

initial point under f converges to the origin. To understand the case where some
eigenvalues have modulus smaller than 1 and the others have modulus larger than 1,
we consider first the even simpler case of dimension d = 2, with A diagonal, namely

A =
(
a 0
0 b

)
,

with a > 1 > b > 0. We illustrate the dynamics in Fig. 4.1. For the point x =(
x(1)

x(2)

)
∈ R2 we find

f

(
x(1)

x(2)

)
=

(
ax(1)

bx(2)

)
. (4.2)

After n iterates we get for the image of the point x =
(
x(1)

x(2)

)
the value

fn(x) = Anx =
(
anx(1)

bnx(2)

)
.

From this expression, we first conclude that if a point belongs to the x(2) axis (x(1) =
0), then its entire trajectory follows this axis and converges to the origin, since |b| <
1. Moreover, any point of R2 whose first component x(1) is different from 0 has a
trajectory that diverges from the origin. In other words, if we consider a ball B of
radius r > 0 around the origin, the only points whose trajectory stays forever in B
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Ws(x0)

Wu(x0)

x0

Fig. 4.1. The hyperbolic fixed point x0 for a linear map f , with its stable and unstable mani-
folds Ws(x0) and Wu(x0) (which are linear) and a few points of four orbits of f

are those on the x(2) axis. In addition, these are also the only points whose orbit
converges to the origin. Therefore, for our example, the x(2) axis is called the stable
manifold of the fixed point.

Exercise 4.5. Let A be a 2× 2 matrix with real coefficients, determinant 1 and trace
larger than 2. Show that the two eigenvalues are real and positive, one larger than
1, the other smaller than 1. Consider the 2-dimensional linear map x 
→ Ax. Show
that each orbit belongs to a hyperbola (the pair of eigendirections corresponding to
a degenerate situation).

Considering the inverse transformation f−1 which is given by the matrix

A−1 =
(

1/a 0
0 1/b

)
,

namely

f−1(x) =
(
x(1)/a

x(2)/b

)
,

one can define in the same way the unstable manifold of the fixed point as the stable
manifold of the inverse map. This is the set of points in the ball B whose orbit
under f−1 stays forever in the ball B, and moreover this is the set of points whose
orbit under f−1 converges to the fixed point (the origin). In this simple situation, the
unstable manifold is the x(1) axis (x(2) = 0).

Remark 4.6. It follows from the above discussion that a hyperbolic fixed point is
automatically isolated: No other fixed points can be in its neighborhood.
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4.1.1 Stable and Unstable Manifolds

Generalizing the discussion of the linear case, we now define important geometrical
objects for the study of dynamical systems: the invariant manifolds. We start with
the easy case of fixed points for maps. This immediately carries over to the case of
periodic points. We then give the general definition in Sect. 4.2.

A first example of stable and unstable manifolds was provided by the example of
the pendulum in Sect. 2.1. There, we saw, in Figs. 2.1–2.4, the stable and unstable
manifolds of the two fixed points of the pendulum: The stable equilibrium when
the pendulum is at rest at the bottom, and the unstable equilibrium when it is at the
top. The invariant manifolds were then special orbits that approach or leave these
equilibrium points according to special directions. The present subsection presents
this construction for more general dynamical systems.

We begin by considering the general case of a regular nonlinear map f with a
hyperbolic fixed point x0. Near x0 one can approximate f by an affine map, and the
construction for the nonlinear case can be viewed as a perturbation of the affine case,
at least locally. However, in general, the straight (invariant) lines of Fig. 4.1 will be
replaced by bent curves.

Definition 4.7. A manifoldWs
loc(x0) is called a local stable manifold of the map f

in the neighborhood Bx0
(r) of a fixed point x0 if

i) f
(
Ws

loc(x0)
)
⊂ Ws

loc(x0).
ii) The orbit of any point inWs

loc(x0) converges to x0.
iii) Every point in Bx0

(r) whose orbit never leaves Bx0
(r) is inWs

loc(x0).

A similar definition, with f−1, is used to define local unstable manifolds.

Remark 4.8. The definition takes into account that, as we will see below, for the
global invariant manifold, orbits can leave the local neighborhood and then come
back to converge to the fixed point. In Fig. 4.3 one can see how the global manifold
meanders and accumulates at the fixed point. In this case, we are not considering a
fixed point but in fact a periodic point of period 6 (which is a fixed point of f6).

In the purely linear Example 4.2, the local stable and unstable manifolds are
segments of the x(2) (respectively x(1)) axis centered at the origin. For this purely
linear example, we see that the radius r of the ball B is not important. Later on, when
we discuss the nonlinear case, this radius will have to be chosen small enough so that
the nonlinear effects will be controllable.

The following theorem describes the local (un)stable manifolds.

Theorem 4.9. Let f be a regular invertible map with a fixed point x0. Assume that
the spectrum of the differential Dx0

f is the (disjoint) union of two (finite) subsets
σu and σs of C , with σu contained in the complement of the closed unit disk, and
σs contained in the open unit disk. ThenWs

loc(x0) exists on a sufficiency small ball
Bx0

(r). Denote by Eu and Es the spectral subspaces corresponding to σu and σs



50 4 Hyperbolicity

respectively. The manifoldWs
loc(x0) is tangent to Es at x0 and has the same dimen-

sion. Similarly, there is a local unstable manifoldWu
loc(x0) with similar properties

with respect to the inverse map. These two local manifolds depend continuously on
the map.

Figure 4.2 shows the local stable and unstable manifolds around a 2-dimensional
hyperbolic fixed point.

Es(x0)
Ws

loc(x0)

Wu
loc(x0)

Eu(x0)x0

Fig. 4.2. Local stable and unstable manifolds around a 2-dimensional hyperbolic fixed point,
x0

Proof (sketch). We do not prove Theorem 4.9, and refer to (Hirsch, Pugh, and Shub
1977) for a complete proof and extensions. The basic idea of the proof goes as fol-
lows: The local stable manifold is constructed as a piece of graph of a map from
the stable space to the unstable space. More precisely, using near the fixed point (as-
sumed to be at the origin) coordinates given by the decomposition Es⊕Eu, one looks
for a map g fromEs toEu whose graph is invariant, namely f

(
η, g(η)

)
=

(
η′, g(η′)

)

for any η in a neighborhood of 0 in Es, and η′ some point in Es (depending on η).
With obvious notations, we get the system of equations

η′ =f s
(
η, g(η)

)
,

g(η′) =fu
(
η, g(η)

)
.

In order to obtain a closed equation for g, one would like to extract η as a function of
η′ in the first equation. Note that f s

(
η, g(η)

)
= D0f

sη +O(1)
(
‖η‖2 + ‖g(η)‖2

)
.

Since D0f
s is invertible, and the other terms are small, one can show, using the

inverse function theorem that near the origin η can be expressed as a function of
η′ (depending on g). Using a fixed point theorem one can show by this method the
existence and uniqueness of g. ��



4.1 Hyperbolic Fixed Points 51

Exercise 4.10. Assuming f is C∞, use the above argument to compute the first few
terms of Taylor series of g at the origin. Observe in particular that g starts with
quadratic terms.

We can now define the global invariant manifolds by extending the local ones.
One then obtains a picture that looks like that of Fig. 4.3.

Definition 4.11. The (global) stable manifold of a fixed point is the set of points in
the phase space whose orbit converges to this fixed point.

If an orbit converges to a fixed point, it will by definition penetrate any ball
around this fixed point, whatever its radius. Therefore, if the point x belongs to the
stable manifold of a fixed point x0, there is an integer n such that fn(x) belongs
to the local stable manifold of x0. Therefore, ifWs(x0) denotes the (global) stable
manifold of the fixed point x0, we have

Ws(x0) =
⋃

n

f−n(Ws
loc(x0)) .

Of course in the case of the affine map (4.2), we deduce immediately that the (local)
stable manifold is the vertical axis. For a linear map, the global stable and unstable
manifolds are just the linear extensions of the local ones (see Fig. 4.1).

One can make the analogous construction for the (global) unstable manifold
Wu(x0), using the iterates of the map, and in particular one defines

Wu(x0) =
⋃

n

fn(Wu
loc(x0)) .

In these definitions, the global manifolds are obtained by gluing together pieces
of manifolds which join in a smooth way. However, there are infinitely many
such pieces which may get more and more contorted as can be seen in the exam-
ple of the Hénon–Heiles map on R2, as shown in Fig. 4.3. The map is given by
(x′, y′) = f(x, y), where

x′ = x + 1.6y(1− y2) ,
y′ = y − 1.6x′(1− (x′)2) . (4.3)

(see (Bartlett 1976)). This map was obtained by Hénon and Heiles as an approxima-
tion to a Hamiltonian problem (Hénon and Heiles 1964). The approximation (4.3) is
an area-preserving map.

Exercise 4.12. Check that (4.3) is area-preserving, and compute its inverse. Find the
fixed points, and discuss their hyperbolicity.

The nonlinearities of the map f can fold the global invariant manifolds in a com-
plicated way. They may, for example, come back very near to the fixed point as is
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Fig. 4.3. A finite, but large, part of one half of the unstable manifold (red) of a periodic point
(blue) of period 6 (x ≈ 0.2845, y ≈ −0.7029) for the Hénon–Heiles map (4.3). Showing
more of the unstable manifold would eventually surround all six islands and return (infinitely
often) close to the blue fixed point, without actually hitting it. The black points are several
orbits of the map. Each elliptical set of points near the center is a distinct orbit, as are the
sixfold smaller elliptical sets which one can see further away from the center. The “dust”
corresponds to a further orbit. Such phenomena are covered by the Kolmogorov–Arnold–
Moser theory (see (de la Llave 2001))

the case in homoclinic crossings. A neighborhood of the fixed point may then con-
tain many pieces of the global unstable manifold. However, only one of these pieces
contains the fixed point, it is the local unstable manifold.

In Theorem 4.9 we have carefully avoided the case where the spectrum of Dx0
f

contains eigenvalues of modulus 1. In that case there is a notion of center manifold,
and we refer the reader to (Hirsch, Pugh, and Shub 1977) for details. There one finds
also a general approach to the unstable manifold even for the case where the map is
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not invertible. Note that for the case of flows (except at fixed points) there is always
one eigenvalue of the tangent flow equal to 1. This is related to the observation that
if two orbits start, say, 1 second apart from the same point, they will not separate
(or approach) exponentially fast, as they will stay forever 1 second apart. This eigen-
value 1 does not spoil things, as the stable and unstable directions are in some sense
perpendicular to the time direction.

4.1.2 Conjugation

We mentioned earlier that near a hyperbolic fixed point a map behaves like its differ-
ential. We now state this more precisely.

Theorem 4.13 (Hartman–Grobman theorem). Let f be a C2 map from E = Rd

to itself, with a hyperbolic fixed point x0. Assume that Dx0
f is invertible. Then there

exist a homeomorphism Φ of E fixing x0 and a neighborhood V of x0 such that on
V we have

f = Φ−1 ◦Dx0
f ◦ Φ .

In other words, we can find a change of coordinates (see Definition 2.4) near x0

such that in the new coordinate system the map is linear.

Remark 4.14. The theorem says that the change of coordinate is continuous, but the
proof will establish that it is slightly more regular (Hölder continuous). Resonances,
which we discuss in the next subsection, are often restrictions to higher differentia-
bility. For a detailed proof of Theorem 4.13, see, for example, (Nitecki 1971). The
proof we sketch below extends essentially unchanged to Banach spaces, provided
differentiable cutoff functions with bounded support exist. They exist for all Hilbert
spaces, but counterexamples are known for certain Banach spaces (for example �1).
The interested reader may look up (Bonic and Frampton 1965).

Remark 4.15. The invertibility of the differential of the map at the fixed point is cru-
cial in the Hartman–Grobman theorem. Consider, for example, the map f : x 
→ x2

on the reals. The origin is a fixed point, and the differential in this point is 0,
f ′(0) = 0. The linearized map f0 is given by f0(x) = 0 for every x. On the
other hand, in any neighborhood of 0 one can find two points x1 and x2 for which
f(x1) �= f(x2). Therefore, f and f0 cannot be continuously conjugated in any neigh-
borhood of 0.

We next define the important notions of stable and unstable vectors (directions)
at the point x (not necessarily a fixed point) for diffeomorphisms f :

Definition 4.16.

i) A vector ξ in TxM is called (exponentially) stable if there are a λ < 1 and a
C <∞ such that for all n ≥ 0

‖Dxf
nξ‖Tfn(x)M

≤ Cλn‖ξ‖TxM . (4.4)
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ii) A vector ξ in TxM is called (exponentially) unstable if there are a λ < 1 and a
C <∞ such that for all n ≥ 0

‖Dxf
−nξ‖Tf−n(x)M

≤ Cλn‖ξ‖TxM . (4.5)

Definition 4.17. A fixed point x of f is called a (exponentially) stable fixed point if
all tangent vectors are stable with the same λ < 1. It is called an unstable fixed point
if at least one vector in TxM is unstable. Note that unstable fixed points can have
both stable and unstable directions.

Remark 4.18. A vector ξ might be neither stable nor unstable.

Remark 4.19. The norms ‖ ·‖TxM are the norms at the tangent space TxM , and may
depend on x. This complication is useful, since defining different norms will allow
us to eliminate the constant C in the definition; see below.

Elimination of the constant C in (4.4) and (4.5). The presence of the constant C is
not very convenient, because when C > 1 then Cλn is smaller than 1 only for some
n which might need to be large. Therefore, one would like bounds with C = 1. This
can be done by an adapted norm—also called Lyapunov metric—which is equivalent
to the original norm. We only show this for the case of Hilbert spaces, where the
construction is easier. Let (·, ·)x be the scalar product corresponding to the norm
‖ · ‖TxM . One defines a new scalar product 〈·, ·〉x by summing. For example, if both
ξ and η are stable, then

〈ξ, η〉x ≡
∞∑

i=0

1
λ2i(1−ε)

(
Dxf

iξ,Dxf
iη
)
fi(x)

. (4.6)

Clearly, the sum converges by definition (4.4). An easy calculation gives the result:

〈Dxfξ,Dxfξ〉f(x) =
∞∑

i=0

1
λ2i(1−ε)

(
Dxf

i+1ξ,Dxf
i+1ξ

)
fi+1(x)

=
∞∑

j=1

λ2(1−ε)

λ2j(1−ε)

(
Dxf

jξ,Dxf
jξ
)
fj(x)

≤ λ2(1−ε)〈ξ, ξ〉x .

and so we have effectively replaced λ by λ1−ε and C by 1, as asserted. The construc-
tion for the unstable directions is similar, and if ξ is stable and η unstable (or vice
versa) one just defines 〈ξ, η〉x = 0.

Consider now the simpler case of a hyperbolic fixed point x0. In that case the
above construction defines a new norm, and one would like to compare it with the
old one. We will denote by Eu and Es the unstable and stable spectral subspaces
of Dx0

f . We first control the angle between these two subspaces in the initial scalar
product.
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Exercise 4.20. Let A be a linear operator in Rd, and assume that ξ and η are unit
vectors in Rd such that ‖Aξ‖ ≥ 
−1 and ‖Aη‖ ≤ 
 for some number 
 < 1. Show
that the angle ϑ between ξ and η satisfies

1− cosϑ ≥ (
−1 − 
)2

2‖A‖2 .

Hint: write ξ = η + (ξ − η), and estimate the norm of ξ − η in terms of cosϑ. Then
apply A and use the hypothesis.

We apply the above exercise with A = Dx0
fn with n large enough so that Cλn < 1.

Note that if ξ ∈ Eu, ξ′ = Dx0
fnξ ∈ Eu, and ‖Dx0

f−nξ′‖ ≤ Cλn‖ξ′‖ implies

‖Dx0
fnξ‖ ≥ C−1λ−n‖ξ‖. This allows to control the projection onto Eu parallel to

Es (and onto Es parallel to Eu).

Exercise 4.21. Show that there is a constant D > 1 such that for any vector v ∈
TMx0

D−1(v, v) ≤ 〈v, v〉 ≤ D(v, v) .

Hint: write v = ξ + η with ξ ∈ Eu and η ∈ Es.

Proof (of Theorem 4.13). Again, we show the proof only for M = Rd. Without loss
of generality (i.e., conjugating with a translation) we can assume that x0 = 0. If we
denote L = D0f , we have

f(x) = Lx + Q(x)

with D0Q = 0; that is, Q denotes terms of higher order (near 0). Since L is hy-
perbolic, we can decompose as before E = Eu ⊕ Es, and if we denote by Lu the
restriction of L to the invariant subspace Eu (respectively Ls, the restriction of L to
the invariant subspace Es), there is a number β > 1 such that the spectrum of Lu is
outside the disk of radius β in the complex plane, centered at the origin, while the
spectrum of Ls is inside the disk of radius β−1. We can now construct as we did
above an equivalent norm on E such that there is a number 
 < 1 satisfying

‖Ls|Es‖ < 
 ‖(Lu)−1|Eu‖ < 
 .

We next modify the map outside a neighborhood of the origin to be able to work
globally later. Let ε ∈ (0, 1) be a (small) number to be chosen adequately later. This
number gives the order of magnitude of the neighborhood V . Let ϕ be a real valued
C1 function on E with compact support contained in the unit ball centered at the
origin and equal to 1 in a neighborhood of the origin. We define the map Qε by

Qε(x) = ϕ(x/ε)Q(x) ,

and also
fε(x) = Lx + Qε(x) .

The advantage of fε over f is that outside a neighborhood of size of order ε of the
origin, it is equal to L (and hence conjugated to L). On the other hand, near the
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origin, fε and f coincide. Therefore, if we can conjugate fε to L on the whole of E,
we obtain a local conjugation between f and L near the origin.

The map Qε is differentiable and it is easy to verify that there is a constant C
independent of ε such that

‖DQε‖ ≤ Cε .

We will use also that DQε(x) = 0 if ‖x‖ ≥ ε.

Exercise 4.22. Prove this statement by observing that near the origin ‖Q(x)‖ ≤
O(1)‖x‖2.

We now consider the conjugation equation and rearrange it in a suitable form.
We look for a map Φ of the form

Φ(x) = x + R(x) ,

where R is small in a suitable sense to be defined below, and satisfies R(0) = 0. The
conjugation relation Definition 2.4 is written

Φ(Lx) = Lx + R(Lx) = fε

(
Φ(x)

)
= Lx + LR(x) + Qε(x + R(x)) ,

or in other words
(Id + R) ◦ L = (L + Qε) ◦ (Id + R) .

It is now convenient to use the decomposition E = Eu ⊕ Es. Projecting on Eu and
Es, we obtain a system of two equations (with obvious notations)

Luxu + Ru(Luxu, Lsxs)

= Luxu + LuRu(xu, xs) + Qu
ε

(
xu + Ru(xu, xs), xs + Rs(xu, xs)

)
,

Lsxs + Rs(Luxu, Lsxs)

= Lsxs + LsRs(xu, xs) + Qs
ε

(
xu + Ru(xu, xs), xs + Rs(xu, xs)

)
.

We now simplify and rearrange this system of equations to

Ru(xu, xs)
= (Lu)−1Ru(Luxu, Lsxs)
− (Lu)−1Qu

ε

(
xu + Ru(xu, xs), xs + Rs(xu, xs)

)
,

(4.7)

Rs(xu, xs) = LsRs((Lu)−1xu, (Ls)−1xs) + Qs
ε

(
x̂u, x̂s)

)
,

with

x̂u =(Lu)−1xu + Ru((Lu)−1xu, (Ls)−1xs) ,
x̂s = (Ls)−1xs + Rs((Lu)−1xu, (Ls)−1xs) .
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We will not work with the C1 topology but with Hölder norms. For 0 < α ≤ 1,
we define the Banach space Hα(E) as the set of continuous maps g from E to itself,
satisfying g(0) = 0 and such that

‖g‖Hα(E) = sup
x�=y

‖g(x)− g(y)‖
‖x− y‖α <∞ .

The word Lipshitz norm is reserved for Hölder norms with exponent α = 1.

Exercise 4.23. Prove that equipped with the above norm, Hα(E) is a Banach space,
using that g(0) = 0.

We now define a map Ψ from the metric space Hα(E) to itself by

Ψu(Ru, Rs)(xu, xs)
= (Lu)−1Ru(Luxu, Lsxs)
− (Lu)−1Qu

ε

(
Luxu + Ru(xu, xs), Lsxs + Rs(xu, xs)

)
,

and

Ψ s(Ru, Rs)(xu, xs) = LsRs((Lu)−1xu, (Ls)−1xs) + Qs
ε

(
x̂u, x̂s)

)
.

It is obvious that solving the system (4.7) is equivalent to finding a fixed point of Ψ .

Exercise 4.24. Show that if R ∈Hα(E), then Ψ(R)(0, 0) = 0.

We now choose the values of ε andα so that Ψ contracts a ball in Hα(E) centered
at the origin. Let

λ = max
{
‖Lu‖ , ‖(Ls)−1‖

}
.

Note that λ > 1 is independent of ε and α.
For r and r′ belonging to Hα(E) we have

∥∥Ψ(r)‖Hα(E) ≤ 
λα
∥∥r

∥∥
Hα(E)

+ Cελ
(
1 +

∥∥r
∥∥

Hα(E)

)

and
∥∥Ψ(r)− Ψ(r′)‖Hα(E) ≤ 
λα

∥∥r − r′
∥∥

Hα(E)
+ Cελ

∥∥r − r′
∥∥

Hα(E)
.

Therefore, if we choose α > 0 small enough and ε > 0 small enough, we can
satisfy the inequality


λα + 2Cελ < 1 .

This implies that the map Ψ contracts the ball of radius 1 and centered at the origin
of the metric space Hα(E). By the contraction mapping principle (see (Dieudonné
1968)), Ψ has a unique fixed point in this ball and the theorem is proven.

Exercise 4.25. Modify the above proof so that it works for f ∈ C1.
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4.1.3 Resonances

Having found a conjugation map in the previous subsection, one may ask how
smooth that conjugation can be. If the map is not smooth, there is not much to expect,
but it turns out that the smoothness of the conjugation depends also on fine details of
the eigenvalues of the linearization Dxf of the map f . This is called the problem of
resonances, which can prevent the conjugation from being regular.

Let as before f be a regular map, acting on in Rd. We also assume that the ori-
gin is a fixed point. Let L = D0f be the differential at the origin. To simplify the
discussion, we make several assumptions: First, that L can be diagonalized (in the
reals) and we denote by λ1, . . . , λd its eigenvalues. We further assume that they are
all different from 0 and 1, but some may coincide. Therefore, Theorem 4.13 applies.
Finally, we choose a coordinate system consisting of eigendirections. Since f is reg-
ular, we can write for any � ∈ Z+ by Taylor’s formula

f(x) =
�∑

j=1

fj(x) +O(1)‖x‖�+1 ,

where each fj is a vector valued homogeneous function of degree j. More precisely,
we have

fj(x) =
∑

k1,...,kj

fj,k1,...,kj

j∏

r=1

xkr
,

and the fj,k1,...,kj
are fixed vectors (the sum extends over 1 ≤ ki ≤ d, i = 1, . . . , j).

Note that f1(x) = Lx. Let Φ be a local conjugation between f and the linear map
x 
→ Lx near the origin, namely

Φ ◦ f = LΦ . (4.8)

If Φ is regular, we can also write

Φ(x) =
�∑

j=1

Φj(x) +O(1)‖x‖�+1 ,

and use this expansion in Eq. (4.8). We can then consider on both sides homogeneous
terms of identical degree. Identifying them will lead to equations for the unknown
Φj . For example, there is no term of degree 0. The terms of degree 1 give

Φ1 ◦ L = LΦ1 .

To see what this equation means, it is convenient to use coordinates (recall that Φ1(x)
is a vector and we use the exponent to index its coordinates). We get immediately for
any 1 ≤ k ≤ d and 1 ≤ l ≤ d

λkΦ
l
1,k = λlΦ

l
1,k .
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An obvious solution to this set of equations is given by

Φl
1,k = δl

k .

In other words, we have chosen Φ1 to be the identity.

Remark 4.26. If λk = λl (k = l or not), there are other solutions, but we will con-
sider only this one which is the most natural one. The other solutions correspond to
linear transformations commuting with L.

Let us now look at the second order. We get

Φ2 ◦ L + Φ1 ◦ f2 = LΦ2 ,

which is more conveniently written

LΦ2 − Φ2 ◦ L = Φ1 ◦ f2 .

This is an equation for Φ2 since we already know Φ1. Let us try to solve it in coordi-
nates. We obtain for any 1 ≤ k1 ≤ d, 1 ≤ k2 ≤ d and 1 ≤ l ≤ d

(
λl − λk1

λk2

)
Φl

2,k1,k2
= f l

2,k1,k2
.

This equation leads to

Φl
2,k1,k2

=
f l
2,k1,k2

λl − λk1
λk2

.

Clearly, this defines Φl
2,k1,k2

unless there is a triplet l, k1, k2 for which

λl = λk1
λk2

.

In this case one says that the triplet is a resonance. When there is a resonance, the
equation for Φl

2,k1,k2
has only a solution (in fact infinitely many) if f l

2,k1,k2
= 0.

Otherwise, when f l
2,k1,k2

�= 0, we conclude that Φ cannot be C2. If none of the

triplets l, k1, k2 is a resonance, Φ is C2 and one can work on the next (third order) of
homogeneity. The general order has always the same structure, namely one gets an
equation

LΦj − Φj ◦ L = Rj

where Rj involves the Φr with 1 ≤ r ≤ j − 1 and is therefore known at step j. The
nonresonance condition at step j is therefore that no eigenvalue can be expressed
as a product of j eigenvalues (possibly with repetitions), otherwise the map is said
to have a resonance at the fixed point. Note that if one eigenvalue is equal to 1,
then the system is resonant. In the case of flows, the nonresonance condition is that
no eigenvalue be the sum of more than one eigenvalue. We refer to (Nelson 1969;
Belickiı̆ 1978) for more details.
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4.2 Invariant Manifolds

Up to now we discussed the stable and unstable manifolds of fixed points. Similar
results hold for the stable and unstable manifolds of periodic orbits of maps by taking
a large enough iterate of the map such that each point of the periodic orbit becomes a
fixed point. For example, we have shown in Fig. 4.3 the case of an unstable manifold
of a point of period 6.

Here, we generalize the construction to points which are neither fixed nor peri-
odic. The idea is to have little pieces of manifolds at each point of an orbit that map
nicely one into the other. In the case of the local stable manifold of a hyperbolic fixed
point discussed above, there is also a control on the rate of convergence to the fixed
point through the iterations. The next definition generalizes these ideas.

Definition 4.27. An (open) submanifoldW of the phase space Ω with a metric d is
called a local stable manifold with exponent γ > 0 if there is a constant C > 0 such
that for any x and y inW and any integer n we have

d
(
fn(x), fn(y)

)
≤ Ce−γn .

Remark 4.28. To keep things easy, we omitted the question of smallness of neigh-
borhoods. In all applications, we will consider sufficiently small neighborhoods, so
that these local stable manifolds are close to being linear.

Note that it follows immediately from the definition that if W is a local stable
manifold with exponent γ, then for any integer p, fp(W) is also a local stable man-
ifold with exponent γ. We also notice that a local stable manifold with exponent γ
is also a local stable manifold with exponent γ′ for any 0 < γ′ < γ. When f is in-
vertible, one can define the local unstable manifolds as the local stable manifolds of
the inverse. We refer to (Hirsch, Pugh, and Shub 1977) for the general case and more
details. A local stable manifold containing a point x is called a local stable manifold
at x.

Remark 4.29. A clever argument involving the stretching in the unstable direction
can be used to define unstable manifolds for maps whose inverse does not exist (see
(Hirsch, Pugh, and Shub 1977)).

For example, if one considers the dissipative baker map (2.6), it is easy to verify
that the horizontal segments are unstable manifolds, while the vertical segments are
the stable manifolds. Similarly, in the solenoid example (2.13), the local stable man-
ifolds are pieces of vertical planes containing the z axis. Figure 4.4 shows several
pieces of local stable manifolds for the Hénon map (2.31). One notices that they vary
rapidly from one point to the other, and some of them have a rather large curvature.
This is a manifestation of the so-called nonuniform hyperbolicity.

We next state the important

Definition 4.30. A set Λ ⊂M is called a uniformly hyperbolic set for the diffeomor-
phism f if
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Fig. 4.4. Several local stable manifolds (in blue) for the Hénon map (2.31)

i) it is invariant: f(Λ) ⊂ Λ,
ii) for all x ∈ Λ, the tangent space TxM splits into stable and unstable subspaces

TxM = Es
x ⊕ Eu

x , and
iii) the vectors in Es

x, resp. Eu
x are stable, resp. unstable in the sense of Defini-

tion 4.16, with the constant λ < 1 independent of x.

Definition 4.31. The diffeomorphism f appearing in Definition 4.30 is called a hy-
perbolic map (on Λ).

Remark 4.32. The set Λ can have many holes and be a Cantor set.

Remark 4.33. It is easy to verify that since f is a diffeomorphism, the vector spaces
Es

x and Eu
x satisfy

DxfE
s
x = Es

f(x) and DxfE
u
x = Eu

f(x) .

Remark 4.34. By the construction of Remark 4.19 we may (and will) assume that
equivalent norms have been chosen so that

‖Dxf
nξ‖Es

fn(x)
< λn‖ξ‖Es

x
,

and
‖Dxf

−nη‖Eu
f−n(x)

< λn‖η‖Eu
x
,

with a slightly larger λ < 1 for all x ∈ Λ and all ξ ∈ Es
x and η ∈ Eu

x .
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Exercise 4.35. As in the case of a hyperbolic fixed point, give a lower bound on the
angle betweenEs

x andEu
x . Argue as before to prove that the new scalar product in the

tangent space (which depends on x in general) defines a norm uniformly equivalent
to the original one.

Proposition 4.36. The spaces Es
x and Eu

x depend continuously on x.

We omit the proof; see, for example, (Hirsch, Pugh, and Shub 1977, p. 21).

Remark 4.37. The theory developed in (Hirsch, Pugh, and Shub 1977) shows more,
and we will also use these additional facts:

i) Continuity means continuity in Λ.
ii) Continuity implies that the dimensions of the spaces Es

x and Eu
x are constant.

Thus, the dimensions do not depend on x ∈ Λ.
iii) On compact spaces, the projections ΠEs

x
and ΠEu

x
have uniformly bounded

norms. In a Hilbert space setting, one would say that the angle between Es
x and

Eu
x is uniformly (in x ∈ Λ ) bounded away from 0.

Example 4.38. The solenoid map (see Figs. 2.9 and 2.10) has dimEs
x = 2 and

dimEu
x = 1 for all x. The spaces Es

x and Eu
x “point” in different directions at differ-

ent points x. The stable directions are across the sausage, while the unstable are along
the spaghetti. They both depend continuously on x. The set Λ is the intersection of
the disklike regions ×[0, 2π) in Fig. 2.9. Note that in this case Λ �= M .

Example 4.39. A hyperbolic fixed point x is a special case of a hyperbolic set Λ =
{x}: In that case, f(x) = x and the eigenvalues of Dxf do not lie on the unit circle.
In this case the rates of growth or decay of the tangent vectors are described by the
eigenvalues. If the spectrum of Dxf is λ1, λ2, . . . , λd with

|λ1| ≥ |λ2| ≥ · · · ≥ |λj | > 1 > |λj+1| ≥ · · · ≥ |λd| ,

then the bound in the unstable direction is λ = |λj |−1, and in the stable direction
λ = |λj+1|.

Example 4.40. The cat map: In this case Λ = M . Maps where Λ = M are called
Anosov maps. We have

Dxf
n =

(
2 1
1 1

)
n

,

independently of x. The eigenvalues are λ± = 3±
√

5
2 and for the stable and unstable

directions Es and Eu one has Dxf
nξ = λn

−ξ for ξ ∈ Es and Dxf
−nξ = λ−n

+ ξ for
ξ ∈ Eu. In this case λ− = λ−1

+ .

Example 4.41. The case of rotations x 
→ x + ω (mod 1) is not hyperbolic because
the derivative is 1; that is, the eigenvalue of the differential is on the unit circle. The
map x 
→ 2x (mod 1) is hyperbolic in the forward direction (with expansion rate
2), but in the backward direction, the map is not well-defined.
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4.3 Nonwandering Points and Axiom A Systems

In this section, we introduce the generalization of periodic points alluded to before.
In a way, all that is needed is that orbits of points come back close to where they
started and that they are recurrent in some weak sense. This will be defined below.
Finally, an Axiom A system will be a system with many hyperbolic nonwandering
points.

This recurrence is characterized in the following

Definition 4.42. A point x is called wandering if there exists an open set B contain-
ing x such that for some n0 < ∞ and for all n > n0 one has fn(B) ∩ B = ∅. (In
other words, the neighborhood eventually never returns.) A point x is called non-
wandering if it is not wandering. The definition implies that in this case, for every
open set B containing x, one has fn(B) ∩B �= ∅ for infinitely many n.

Lemma 4.43. The set of wandering points is open, and that of nonwandering points
is closed.

The proof is obvious from the definition.

Example 4.44. A fixed point is nonwandering, independently of its stability (since
any image of a neighborhood of the point intersects that neighborhood). Note that
this also holds for the fixed point x = 0 of the map x 
→ x + x2, which is neither
stable nor unstable.

Example 4.45. A periodic point is also nonwandering (since, if the period is p, one
comes back to the point after p iterations).

Example 4.46. Nonwandering points might be neither fixed nor periodic. For exam-
ple, for x 
→ x + ω (mod 1) with irrational ω: Every point is nonwandering.

Example 4.47. Classical mechanics: Every point of a compact energy surface is non-
wandering by Poincaré’s recurrence theorem (see Theorem 8.2).

Example 4.48. Bowen–Katok flow: see Fig. 4.5. The orbit of every initial point (ex-
cept P1 and P2) accumulates on the figure “∞,” but spends longer and longer times
near P0. However, the nonwandering points are formed by the figure “∞” and the
2 unstable fixed points. (This can be seen by following the orbit of an open ball
covering a segment of the figure∞.)

Definition 4.49 (Smale 1967). A dynamical system (C1-diffeomorphism) is called
an Axiom A system if

i) The set of nonwandering points is uniformly hyperbolic.
ii) The periodic points are dense in the set N of nonwandering points.
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P1

P2

P0

Fig. 4.5. The flow of Example 4.48. This example has more nonwandering points than just the
attractor. The nonwandering points are the figure “eight” plus the three fixed points, P0, P1,
P2. On the other hand, any (red or blue) orbit not starting on P1 or P2 will approach the figure
eight and spend more and more time near P0. Therefore, the Dirac measure at P0 is a Physical
measure (see Sect. 5.7). The points P1 and P2 are unstable fixed points and the (blue) orbits
will stay very long near P0. Similarly, the red orbit is attracted to the figure “eight” and stays
longer and longer near P0 as time goes on

Remark 4.50. There are numerous results which hold for weaker variants of this def-
inition, in particular, a lot of work deals with not quite uniformly hyperbolic systems.
In the interest of simplicity, we do not present any of these results. They are, however,
interesting from a conceptual point of view, because, for applications in Nature, one
would like to know how much one really has to assume to get results similar to those
obtained for Axiom A systems. From a practical point of view, one will have to as-
sume anyway that the system behaves “as if” the strong assumptions were valid. We
will discuss this again in Chap. 9. For a set of mathematical results, see, for example,
(Alves, Bonatti, and Viana 2000; Bonatti and Viana 2000).

Example 4.51. The archetypical example of an Axiom A map was given by Smale
in (Smale 1967). It is called the horseshoe map, mapping a square onto a ⊃-shaped
region which intersects the square again. See Fig. 4.6.

Example 4.52. The cat map. We have already seen that the periodic points are dense
in M , and that the map is hyperbolic everywhere, so N = M . The map is not only
Axiom A but Anosov.

Example 4.53. The solenoid is Axiom A (but not Anosov), that is N � M .

Example 4.54. The Bowen–Katok flow of Fig. 4.5 is not Axiom A (since the figure
∞ is not densely filled with periodic points).

Example 4.55. If f is an irrational rotation of the torus, it is not Axiom A.
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D

BA

C

A

C

B

D

D

B

A

C

A

C

B

D

Fig. 4.6. The horseshoe map of Smale. The square ABCD is first mapped onto the region
A′B′C′D′ (top), which is then folded back across the square (bottom)

The definition of Axiom A is just the right choice, as we shall see. In particular,
Axiom A systems are robust under small perturbations of the evolution equation,
while this is not necessarily true for non-Axiom A systems.

We refer to (Afraimovich and Hsu 2003; Alligood, Sauer, and Yorke 1997; De-
vaney 2003; Guckenheimer and Holmes 1990; Ott, Sauer, and Yorke 1994) and (Ru-
elle 1989b) for general presentations, results, and references.

4.4 Shadowing and Its Consequences

This is a very interesting structural theory of hyperbolic systems (the Axiom A prop-
erty is not needed here). It implies a certain rigidity of such systems. We begin with
the somewhat counterintuitive, but very fruitful notion of shadowing.

Definition 4.56. Let f be a map M → M . A sequence {xn}n∈Z is called an ε-
pseudo-orbit if |f(xi) − xi+1| < ε for all i ∈ Z. In other words, at every iteration,
the pseudo-orbit makes an “error” of at most ε.

Definition 4.57. A point y0 is said to δ-shadow a sequence {xi}i∈Z , if

|xi − f i(y0)| < δ ,

for all i ∈ Z.

Remark 4.58. In some examples, we will consider maps which are not diffeomor-
phisms, such as x 
→ 2x (mod 1), and then we will consider the definitions above
only for indices in Z+.

Theorem 4.59. Let f be a C2 diffeomorphism and let Λ be a compact, hyperbolic
set for f . For every sufficiently small δ > 0 there is an ε > 0 such that every ε-
pseudo-orbit (lying in Λ ) is δ-shadowed by a y0. Furthermore, this y0 is unique.
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Remark 4.60. The condition that the ε-pseudo-orbit lies in Λ is not necessary, it suf-
fices that the pseudo-orbit lies close to Λ. Because if {xn} is an ε-pseudo-orbit at a
distance ε′ from Λ, then by the differentiability of f and the compactness of Λ one
can find an ε′′-pseudo-orbit lying in Λ with ε′′ < const.(ε + ε′) where the constant
depends only on the derivative of f .

Exercise 4.61. Prove this statement.

The counterintuitive thing about Theorem 4.59 is that although the orbits of f
separate exponentially with time, and the ε-pseudo-orbit is only approximate, there
is such a y0. One should note that y0 is in general not one of the xi above, but a
very cleverly chosen other point. The following example illustrates how the apparent
contradiction between expansion and shadowing is resolved.

Example 4.62. One can see the basic idea for the map f : x 
→ 2x (mod 1), when
viewed on the circle rather than on the interval [0, 1), although this is not a diffeo-
morphism. Assume that we are given εi with |εi| < ε and that the points xi satisfy
xi+1 − f(xi) = εi. Astonishingly, one can construct y0 explicitly in this case:

y0 = x0 + 1
2

∞∑

k=0

εk2−k .

We verify that this works (modulo 1):

|y0 − x0| ≤ 1
2

∞∑

k=0

|εk|2−k ≤ ε 1
2

∞∑

k=0

2−k ≤ ε .

Similarly, modulo 1, we have x1 = 2x0 + ε0, x2 = 2x1 + ε1 = 4x0 + 2ε0 + ε1 ,

xn = fn(x0) = 2nx0 + 2n−1ε0 + 2n−2ε1 + · · ·+ εn−1 ,

yn = fn(y0) = 2nx0 + 2n−1ε0 + 2n−2ε1 + · · ·+ εn−1 + 1
2εn + 1

4εn+1 + · · · ,

so that

|yn − xn| ≤ 1
2

∞∑

k=0

2−k|εn+k| ≤ ε .

We see that “2” is the expansion rate, and the convergence of the sum is precisely
guaranteed because the inverse of the expansion rate is < 1.

We reformulate Theorem 4.59 as follows: We assume that f : M → M is a hyper-
bolic diffeomorphism with the following bounds on the matrix norms

‖Dxf
n|Es

x
‖ ≤ λn ,

‖Dxf
−n|Eu

x
‖ ≤ λn ,

with λ < 1. We may assume this form by a change of metric as in (4.6).
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Theorem 4.63 (Shadowing Lemma). Let Λ ⊂ M be a compact hyperbolic set. We
assume δ > 0 is sufficiently small. There is a K > 1 such that with ε = δ/K, every
ε-pseudo-orbit in Λ is δ-shadowed by a unique y0.

Proof. One reduces the proof to a fixed point theorem in a Banach space. To simplify
the discussion, we will assume that the manifold M equals Rd. Let B be the Banach
space of all sequences x = {xn}n∈Z equipped with the sup norm

‖x‖B = sup
n∈Z
|xn| .

We define a map A : B → B by

(Ax)n = f(xn−1) .

Note that if Az = z, this means that f(zn−1) = zn; that is, the fixed points of A are
equivalent to being orbits of f . And if x is an ε-pseudo-orbit, this is expressed as

‖Ax− x‖B ≤ ε . (4.9)

The claim of the theorem can now be formulated as follows:
If x satisfies (4.9) then there is a y for which ‖Ay − y‖B = 0 and ‖y − x‖B ≤
Kε = δ. This is what we want, because

sup
n
|yn − xn| = sup

n
|fn(y0)− xn| ≤ Kε .

We now make some preparatory observations. We note that the map A is twice dif-
ferentiable, with a first differential given by

(
DxA(h)

)
n

=
(
Dxn−1

f
)
hn−1 ,

and a second differential given by
(
D2

xA(h,h′)
)
n

=
(
D2

xn−1
f
)
(hn−1, h

′
n−1) .

In particular, we have ∥∥DxA
∥∥
B ≤ sup

x

∥∥Dxf
∥∥ ,

and ∥∥D2
xA

∥∥
B ≤ sup

x

∥∥D2
xf

∥∥ . (4.10)

The important point is that the linear map (I − DxA) is invertible. To see this, we
must solve

(I −DxA)h = v

for any v ∈ B. Here, I is the identity operator. For each x ∈ B, we define a linear
operator Lx on B by the Neumann series

(Lxv)n =
∞∑

j=0

Dxn−j
f jΠEs

xn−j

vn+j −
∞∑

j=1

Dxn+j
f−jΠEu

xn+j

vn+j ,
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where ΠEs
x

and ΠEu
x

denote the (orthogonal) projections on the stable and unstable
subspaces at x.

Using the hyperbolicity assumption Definition 4.16—see below for a caveat—it
follows at once that these operators are bounded and moreover

sup
x∈B

∥∥Lx

∥∥
B ≤

2C
1− λ

. (4.11)

Exercise 4.64. It is left to the reader to check that for any x ∈ B, Lx is the inverse
of I −DxA.

To prove the existence of a fixed point y for A near x, we use Newton’s method
(with fixed slope) for another map Φ given by

Φ(z) = z + w(z) ,

where
w(z) = −z + (DxA− I)−1(A(z)− z) .

Clearly Φ(z) = 0 is equivalent to Az = z. From the definition of w it follows
immediately that

Dzw|z=x = 0 ,

and using the estimate (4.11) and (4.10) we get for any z ∈ B

∥∥Dzw
∥∥
B ≤ 2C

supx

∥∥D2
xf

∥∥
1− λ

‖z− x‖B .

Define β > 0 by

β =
1− λ

8C supx

∥∥D2
xf

∥∥ ,

and let V be the ball of radius β around x. We have for any y1 and y2 in V ,

∥∥w
(
y1

)
− w

(
y2

)∥∥
B ≤

1
2

∥∥y1 − y2

∥∥
B .

We now use the fixed point theorem in Banach spaces, (see (Crandall and Rabi-
nowitz 1971) or (Dieudonné 1968)): If

‖w(x)‖B <
β

4
,

then Φ is a homeomorphism of V onto a neighborhood W of 0. This immediately
implies that in V there is a unique fixed point of A satisfying the conclusions.

We cheated somewhat because we assumed that the hyperbolicity assumption
Definition 4.16 could be applied to the pseudo-orbit. This is obviously true if the
fields of stable and unstable directions are constant as for example in the case of the
dissipative baker map Example 2.27. In the general case this can be fixed using a
continuity argument leading to an inessential complication of the otherwise concep-
tually very simple proof. ��
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4.4.1 Sensitive Dependence on Initial Conditions

This is the celebrated butterfly effect (see Fig. 5.11). Let us assume the conditions of
Theorem 4.59. Then we have

Lemma 4.65. Consider a hyperbolic dynamical system. There is an ε > 0 such that
the following is true. Let {xn} and {yn} be any two orbits. Then either xk = yk for
all n or there is at least one k for which |xk − yk| ≥ ε.

Definition 4.66. The property of separation of any two orbits is called expansivity.

In other words, in a hyperbolic system, two orbits cannot stay forever arbitrarily
close to each other. Note that ε does not depend on {xn} or {yn}.

Remark 4.67. Some confusion appears frequently about what one can do with the
butterfly effect since the popular literature is abundant with butterflies that create tor-
nados in (mostly) far-away places (see (Witkowski 1995) for an inventory of these
horror scenarios). But, in fact, the lemma tells us only that each small perturbation
risks growing, but in no way it tells us how this will happen. Thus, there is, fortu-
nately, no way to place a butterfly cleverly in such a way as to produce a tornado in
any prescribed place or to produce even any tornado at all.

Proof (of Lemma 4.65). In this proof and in the examples of Sects. 4.4.2–4.4.3, and
4.5, we will always use a clever choice of a pseudo-orbit. Here, for example, we
choose

zn =

{
xn , if n is even

yn , if n is odd
.

Then one has |f(zn) − zn+1| = |xn+1 − yn+1| for all n. If |xn − yn| < ε for all n
then {zn} is an ε-pseudo-orbit and there is a unique orbit which Kε-shadows it, but
since both {xn} and {yn} are candidates, we conclude that xn = yn for all n (since
both are shadowing {zn}). And the other alternative is indeed |xn − yn| ≥ ε for at
least one n. ��

We come back to this concept in Sect. 5.8.

4.4.2 Complicated Orbits Occur in Hyperbolic Systems

Assume that x∗ is a fixed point of a map f and that the stable and unstable manifolds
of x∗ intersect at some other point x̄. This is called a homoclinic point. To keep
things simple, we assume throughout the necessary hyperbolicity. Choose a small
neighborhood N of x∗ and a sequence of integers

. . . , n−2, n−1, n0, n1, n2, . . . ,

which are sufficiently large, ni > N for all i. Then there is an orbit which “tours”
the loop x∗ → x̄ → x∗ as follows: It stays ni times in N , comes close to x̄, returns
to N and stays ni+1 times there, and so on.
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x∗

N

z−1

z−2

z−N

z1

zM−1
zM−2

zM

x̄(= z0)

Ws(x∗)

Wu(x∗)

Fig. 4.7. The construction of an approximate periodic orbit visiting a homoclinic point x̄ and
the fixed point x∗

Again, such an orbit can easily be found by considering first the following
pseudo-orbit (see Fig. 4.7). Let zi = f i(x̄) be the images and preimages of x̄. They
will accumulate near x∗ because x̄ is a homoclinic point for x∗, and in particular on
the stable manifold of x∗. Assume that z−N is the first backward point inN and zM

the first forward point (see Fig. 4.7). Then we choose a pseudo-orbit

. . . , x∗, . . . , x∗︸ ︷︷ ︸
n−1

, z−N , z−N+1, . . . , zM , x∗, . . . , x∗︸ ︷︷ ︸
n0

, . . .

that is, we put the “right” number of x∗ and then a sequence of z’s, repeat-
ing indefinitely with multiplicity of the x∗ being . . . , n−1, n0, n1, . . . . Note that
f(zi)− zi+1 = 0, and f(x∗)− x∗ = 0. And, if the diameter of N is small enough,
then |f(x∗) − z−N | < ε and |f(zM ) − x∗| < ε so we have a pseudo-orbit which
does the right gymnastics. And we can conclude immediately that there is a true orbit
which does the same, previously prescribed gymnastics.

4.4.3 Change of Map

Using the gymnastics with shadowing, one can prove the following:

Theorem 4.68. Let f be a map satisfying Axiom A. Let g be a map which is suffi-
ciently close to f :

sup
x∈M
|f(x)− g(x)| ≤ ε0 .

Then the periodic points of g are in 1 to 1 correspondence with those of f and there
is a continuous change Φ of coordinates such that

Φ ◦ f = g ◦ Φ .
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Remark 4.69. The map Φ is defined only on nonwandering points. One should not
expect Φ to be differentiable, because differentiability of Φ would mean that the
derivatives at the fixed points of f and g must be the same. And the same must hold
for the product of derivatives around any periodic point.

Exercise 4.70. Check these statements.

The idea of the proof is to observe that each orbit of g is a pseudo-orbit of f , since
they are close to each other. In particular, the periodic orbits of g lead to periodic
pseudo-orbits and therefore there is for each periodic point x of g a true periodic
point y of f close-by. And now Φ is defined by Φ(y) = x. Since the periodic points
are supposed to be dense in Λ the map Φ is well-defined (and continuous). For the
detailed proof of Theorem 4.68, see (Bowen 1975).

Remark 4.71. One can illustrate the Theorem 4.68 by observing what happens in a
concrete case numerically. If we perturb the cat map respectively a torus rotation, the
difference is very visible (see Fig. 4.8). The torus map is x 
→ x+ 0.1234 (mod 1),
y 
→ y + 0.1234 ·

√
2 (mod 1). The perturbation which is added after each iteration

(mod 1) is

ε exp
(
−δ

(
(x− 0.5)2 + (y − 0.5)2

))
,

with ε = 0.3 and δ = 0.65. Each figure has 20,000 points. (This example is due to
Ruelle.)

Fig. 4.8. Perturbations of the cat map (left) and of a torus rotation (right) by a (Gaussian)
function with maximum at the center of each image. Note that the orbit structure of the cat
map is still quite homogeneous while that of the torus map is strongly perturbed
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4.5 Construction of Markov Partitions

This is probably the most spectacular result in hyperbolic dynamics. It tells us that,
roughly, hyperbolic systems are not much more complicated than our friend x 
→ 2x
(mod 1) or the cat map. And it will also allow a comparison of hyperbolic systems
to problems in statistical mechanics, with its wealth of concepts and results.

But let us begin with a basic concept for hyperbolic systems: Given two points
x, y (which are close to each other) we define

[x, y] = Ws
loc(x) ∩Wu

loc(y) .

This bracket operation is a continuous function of its arguments (see also Fig. 4.9).

x [x, y]

y[y, x]

Wu
loc(x)

Ws
loc(y)

Ws
loc(x)

Wu
loc(y)

Fig. 4.9. The bracket operation. The point [x, y] is the intersection of the local stable manifold
of x and the local unstable manifold of y

Definition 4.72. A rectangleR is a set which is closed under the [·, ·] operation.

In other words, if x, y ∈ R then also [x, y] and [y, x] are in R. Note that a conven-
tional rectangle in R2 is a rectangle in the sense of Definition 4.72 (if we assume
that the coordinate axes are stable and unstable manifolds). While this helps the intu-
ition, it should be noted that the rectangles we encounter below in dynamical systems
(when intersected with the attractor) can be quite worse, for example, a product of a
Cantor set and a line as in the dissipative baker’s map (see Fig. 2.12).

Definition 4.73. A Markov partition of a hyperbolic set Λ is a finite cover of Λ by
proper rectangles Ri with disjoint interiors, such that if x ∈ int(Ri) and f(x) ∈
int(Rj) then

f
(
Ws

loc(x;Ri)
)
⊆ Ws

loc(f(x);Rj) ,

f
(
Wu

loc(x;Ri)
)
⊇ Wu

loc(f(x);Rj) .
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Here, int is the interior of a set. This definition says that boundaries of rectangles
must be mapped in a special way. It is a generalization of the idea that the end points
of the partition [0, 1] = [0, 1/2] ∪ [1/2, 1] (namely each of the 3 points 0, 1/2, 1 is
mapped by x 
→ 2x (mod 1) onto one of the 3 points).

Remark 4.74. Some authors require in addition that the partition be a generating par-
tition; that is, that each infinite code corresponds to a unique point in phase space.

Example 4.75. In Figs. 4.10 and 4.11 we show a Markov partition with three pieces
for the cat map (which is not generating). If we number the rectangles in Fig. 4.10
as red = 1, blue = 2, green = 3, we see that transitions are possible according to the
transition matrix (with Aij = 1 if the transition from j to i is possible and Aij = 0,
otherwise):

A =




1 0 1
1 1 1
0 1 1



 .

Figures 4.12–4.13 show a partition for the simpler “square root” of the cat map,
given by (

x

y

)

→

(
x + y (mod 1)

x

)
, (4.12)

and this partition is generating. If we number the rectangles in Fig. 4.12 as red = 1,
blue = 2, green = 3, violet = 4, we see that transitions are possible according to the
Markov matrix

Fig. 4.10. Nine copies of the unit square for the cat map, and three rectangles forming a
partition. The nine copies serve to be able to show each rectangle as a whole, but one should
remember that the playground is one square with periodic boundary conditions
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Fig. 4.11. The left part shows how the stable boundaries of each rectangle are mapped by the
cat map f onto stable boundaries (those are the lines from north-east to south-west). The right
part shows how f−1 maps the unstable boundaries onto unstable boundaries

Fig. 4.12. Nine copies of the unit square for the “square root” map (4.12), and four rectangles
forming a generating partition. The nine copies serve to be able to show each rectangle as a
whole, but one should remember that the playground is one square with periodic boundary
conditions
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Fig. 4.13. The left part shows how the stable boundaries of each rectangle are mapped by the
cat map f onto stable boundaries (those are the lines from north-east to south-west). The right
part shows how f−1 maps the unstable boundaries onto unstable boundaries. The representa-
tions have been moved mod 1 to make the different rectangles nonoverlapping

A =





0 1 0 1
1 0 1 0
0 1 0 0
0 1 0 0



 .

The largest eigenvalue λ of this matrix is equal to unstable eigenvalue (1+
√

5)/2 of
the transformation (4.12). See (Baladi 2000; Collet and Eckmann 2004) for a detailed
discussion of these eigenvalues.

Exercise 4.76. Show that there is a Cantor set of points of the partition of Fig. 4.10,
all of whose forward codes are the same. Hint: These are points which fall on the
red rectangle or its translate in the unstable direction. Thus, the partition is not
generating.

Theorem 4.77 (Bowen). Let Λ be a hyperbolic set for the dynamical system f and
let ε > 0 be sufficiently small. Then there is a generating Markov partition whose
(finite number of) pieces have diameter less than ε.

The proof is complicated in details, but quite straightforward conceptually. It
uses extensively the shadowing lemma to construct the rectangles.

Before we start with the proof, we describe how to characterize stable and unsta-
ble manifolds in terms of coding, by illustrating this for the baker’s map.

Example 4.78. We recall the baker’s transformation
(
x
y

)

→

(
2x (mod 1)

y′

)
,
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with

y′ =

{
1
2y , if 0 ≤ x < 1

2 ,
1
2y + 1

2 , if 1
2 ≤ x < 1 .

It has a Markov partition with the pieces

I0 = {(x, y) | x ≤ 1
2} ,

I1 = {(x, y) | x ≥ 1
2} .

A point (x, y) can then be coded by (see Exercise 2.28 and Example 3.2)

σ(x, y) = . . . j3j2j1.i1i2i3 . . .

with the ik, jk ∈ {0, 1} defined by the binary expansion

x =0.i1i2i3 . . . ,
y =0.j1j2j3 . . . .

We shall fix the convention that σ0 = i1, σk = ik+1, σ−k = jk, when k > 0. The
baker’s map maps the point (x, y) to the point

x′ = 0.i2i3 . . . ,
y′ = 0.i1j1j2j3 . . . ,

and therefore we get σ0(x
′, y′) = i2 and the map is nothing but a shift of the symbol

sequence. Note that σ0 indicates whether x is in I0 or I1. It is easy to understand now
that the stable manifold of the point (x, y) is just given by all those (x′, y′) whose
symbolic sequence {σ′

j} coincides for all sufficiently large j with {σj}:

Ws(x, y)⇔ {σ | σj−1 = ij for j > j0} . (4.13)

After n iterations, any point inWs(x, y) will have the property that

fn(x, y) will correspond to an element of {σ | σj−1−n = ij for j > j0} ,

which means that the sequences coincide for all indices j with |j| < n − j0. As
n→∞ this means that the images of the points converge to each other.

Proof of Theorem 4.77.

i) Choose a δ0 sufficiently small so that for all x ∈ Λ,

Ws(x) ∩Wu(x) ∩Bδ0
(x) = {x} .

In other words, in this small neighborhood the stable and unstable manifolds
cross only at x itself, nowhere else. Such a neighborhood exists, because, as
we already saw, the angle between Eu

x and Es
x is bounded below away from

zero uniformly in x. Furthermore, one can show that the curvatures ofWs(x)
andWu(x) are uniformly bounded.
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ii) Choose δ = δ0/10.
iii) Using the notation of Theorem 4.63, choose ε(= δ/K) such that every ε-

pseudo-orbit is δ-shadowed by a true orbit.
iv) Choose γ ∈ (0, ε) such that |x− y| < γ implies |f(x)− f(y)| < ε/2.
v) Choose p points y1, . . . , yp such that the balls Bγ/2(yi), i = 1, . . . , p cover Λ.

vi) Define the p× p transition matrix A by

Aij =

{
1 , if |f(yi)− yj | < ε

0 , otherwise
.

One defines the admissible sequences Σ(A) by

Σ(A) =
{
σ = {. . . , σ−1, σ0, σ1, . . . }

}
,

with σi ∈ {1, . . . , p} and Aσi,σi+1
= 1 for all i. In other words, the sequences

of numbers such that |f(yσi
)− yσi+1

| < ε.
vii) By construction, to every σ ∈ Σ(A) there is associated the ε-pseudo-orbit

. . . , yσ−1
, yσ0

, yσ1
, . . . . Thus, by the shadowing lemma there is a unique true

orbit, which δ-shadows it. Let x0 be the point of this true orbit which corre-
sponds to yσ0

. We define the map Θ by

Θ : Σ(A)→ Λ , Θ(σ) = x0 .

viii) We define the set
Tk = Θ(Σk(A)) ,

where Σk(A) are all those sequences for which σ0 = k. That is, Tk is the
image under Θ of all these sequences. We shall see that these Tk are basically
the desired rectangles, except that they overlap.1

ix) From the definition of Θ one can conclude that

f ◦Θ = Θ ◦ shift

and furthermore that the image is onto: Θ(Σ(A)) = Λ. The first property is
obvious from the definition. To prove the second, choose x ∈ Λ, and let ij
be given by |f j(x) − yij

| < γ. From iv. it follows that |f(yij
) − yij+1

| < ε.

Thus the sequence {yij
} forms an ε-pseudo-orbit and therefore, the sequence

σ formed by the σj = ij is in Σ(A). It is δ-shadowed by the orbit of x and
thus by the uniqueness of shadowing, Θ(σ) = x.

x) The map Θ is continuous. If σ − σ′ → 0 (in the sense of the ultrametric
defined earlier (3.1)), this means that the sequences coincide on longer and
longer stretches. Then the points x = Θ(σ) and x′ = Θ(σ′) have the property
that |f j(x) − f j(x′)| < ε on longer and longer stretches. But this means that
x→ x′ due to hyperbolicity.

1 But that will be fixed later.
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xi) Here comes another surprising fact: Define [σ,σ′] by fixing its jth component
as

[σ,σ′]j =

{
σj , if j ≥ 0
σ′

j , if j ≤ 0
.

If σ and σ′ are in the same set Σ(A)k, that is, σ0 = σ′
0 = k, then

Θ([σ,σ′]) = [Θ(σ), Θ(σ′)] .

This is obvious from (4.13).
xii) So, we have finally found the required rectangles. A small problem remains,

namely that the rectangles might overlap. This is repaired by cutting up the
rectangles into smaller pieces, by prolonging the edges one has obtained so far.
For an account of this, see (Gallavotti, Bonetto, and Gentile 2004, pp. 129ff).
One obtains at most p2 rectangles in this way, and the construction is termi-
nated.

xiii) The partition one constructs in this way is generating since the map Θ is 1–1.

Exercise 4.79. Check that at the end of the construction, the rectangles have the
Markov property as defined in Definition 4.73.
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Invariant Measures

5.1 Overview

We start by giving a brief overview of some ideas and results to which we will come
back later in detail.

We consider again the standard model

fν : x 
→ 1− νx2 , (5.1)

which for fixed ν ∈ [0, 2] is a dynamical system mapping the interval I = [−1, 1]
into itself. Fix now a ν and choose an x0 ∈ I . We iterate,

xn = fν(xn−1) , for n = 1, 2, . . . .

What will happen? In the first case, ν < 0.75 most initial points have orbits con-
verging to the fixed point, whose coordinates are given by x∗ = 1 − νx2

∗ (with
x∗ ∈ [−1, 1]). This point attracts orbits because the derivative satisfies |f ′

ν(x∗)| < 1.

Exercise 5.1. Show that there can be at most one such attracting point for a given ν.

Remark 5.2. One can in fact show that any fν of (5.1) (when ν ∈ (0, 2]) can have at
most one stable periodic orbit. For a generalization to maps with negative Schwarzian
derivative, see, for example, (Collet and Eckmann 1980).

However, things are much more interesting when ν = 2, as can be seen in Fig. 5.1,
where we histogrammed the first 50,000 iterates of the map into 400 bins (in [0, 1]).
The curve which fits the histogram is (if area is normalized to 1)

h(x) =
1

π
√

1− x2
.

Note the important fact that one obtains the same distribution for almost all initial
points (with respect to the Lebesgue measure). Exceptional points would be for ex-
ample the fixed points x∗ = −1 and x∗ = 1/2 and their preimages.
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0 1
x

Fig. 5.1. The histogram and the invariant density h(x) (in red) for the map f(x) = 1 − 2x2.
The histogram uses 50,000 iterates in 400 bins, x0 = 0.7. The vertical axis is arbitrary

As different values of ν are chosen, the invariant density can take a large variety
of forms, not at all like that of Fig. 5.1 as is shown for the Misiurewicz–Ruelle
map (Ruelle 1977; Misiurewicz 1981) or for the Feigenbaum map in Fig. 5.2 for
f(x) = 1 − νMx2 and f(x) = 1 − νFx

2 with νM ≈ 1.5436 and νF ≈ 1.401155.
Note that the histogram for the Feigenbaum map is very ragged, indeed, the support
of the invariant measure is a Cantor set.

From the construction of the histogram we see that a measure µ is defined on I .
Its weight on J ⊂ I is given by

µ(J) = lim
n→∞

# of i ∈ {1, . . . , n} for which f i(x0) ∈ J

n
. (5.2)

These measures are invariant:

Definition 5.3. Let f be a measurable map M →M . A measure µ is called invariant
(for f ) if

µ(f−1(E)) = µ(E) ,

for every measurable set E.

Recall that if f is not invertible, f−1 is the set theoretic inverse, namely

f−1(E) =
{
x
∣∣ f(x) ∈ E

}
. (5.3)
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x x
0 10 1

Fig. 5.2. Histograms for the Misiurewicz–Ruelle map (left) and the Feigenbaum map (right)

Exercise 5.4. Show that the construction of (5.2) defines an invariant measure.

Remark 5.5. The precise relation between the invariant measure and the histograms
will be provided by the ergodic theorem, which says that time averages of observ-
ables are equal to space averages.

We need a notion of “not too irregular measure”:

Definition 5.6. A measure is called absolutely continuous (with respect to Lebesgue
measure) if

µ(dx) = h(x)dx with h ∈ L1 ;

that is,
∫
h(x)dx <∞.

We call such measures acim.
Note that by measure we always mean a positive measure, so that h(x) ≥ 0.

Here, we wrote the Lebesgue measure as “dx.” A more general definition is

Definition 5.7. A measure µ1 is called absolutely continuous with respect to another
measure µ2 if

µ2(E) = 0 ⇒ µ1(E) = 0 ,

for every measurable set E. One writes then µ1 ≺ µ2.

In other words, every set of “volume” 0 for µ2 also has measure 0 for µ1.

Remark 5.8. The delta function (δ-measure) is not absolutely continuous with respect
to Lebesgue measure. In more detail, consider δx0

= δ(x− x0). The δx0
-measure of

the set {x0} is 1, but λ({x0}) = 0, where λ is Lebesgue measure. Thus, δx0
�≺ λ.

On the other hand, λ([x0 − 2, x0 − 1]) = 1, while δx0
([x0 − 2, x0 − 1]) = 0 so that

λ �≺ δx0
. This also shows that two measures are not in general “comparable.”

Remark 5.9. The Feigenbaum measure is neither a δ function, nor absolutely contin-
uous with respect to Lebesgue measure.
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Remark 5.10. We discuss here the special case of ν = 2; that is, f(x) = 1 − 2x2.
In this case one can compute the invariant measure explicitly, by the following trick.
Consider first the map g(y) = 1− 2|y|. This has the (normalized) invariant measure
1
2dy. But g(y) = t

(
f(t−1(y))

)
, where

t(x) =
4
π

arcsin

√
x + 1

2
− 1 , t−1(y) = 2 sin2

(
(1 + y)

π

4

)
− 1 ,

and therefore the invariant density for f equals 1
2dy = 1

2 t
′(x)dx = 1/(π

√
(1− x2)).

(Hint: it is easier to consider the map f̂(x̂) = 4x̂(1− x̂) on the interval [0, 1] and to
compare it to ĝ(ŷ) = 1−2|12−ŷ| and then to transform x̂ = 2x−1, ŷ = 2y−1. Then,
t̂−1(y) = sin2(ŷ π

2 ), and the identification follows from a doubling of the “angle” ŷ.)

Remark 5.11. Many other invariant measures exist, which are not absolutely contin-
uous with respect to the Lebesgue measure. For example, if we consider the map
f : x 
→ 2x (mod 1), then dx is an acim, and it is the only absolutely continuous
one. But others can be obtained: If x1, . . . , xn is a periodic orbit of f (with all points
distinct) then

µ(x) =
δ(x− x1) + δ(x− x2) + · · ·+ δ(x− xn)

n

is also an invariant measure. But there are more interesting examples: Let

Ij,k =
[ j

2k
,
j + 1
2k

)
, with 0 ≤ j ≤ 2k − 1 .

Define #j as the number of 1’s in the binary representation of j. So, #0 = 0,
#1 = 1, #2 = 1, #3 = 2, and so on. Give yourself a p ∈ [0, 1] and define a
measure µp by setting

µp(Ij,k) = p#j(1− p)k−#j .

For p = 1
2 this is the Lebesgue measure, but for p �= 1

2 this is not an acim, but
it is invariant, since for j < 2k−1 one has f−1(Ij,k) = Ij,k+1 ∪ Ij+2k−1,k+1 and
therefore

µp(f
−1(Ij,k)) = p#j(1− p)k+1−#j + p1+#j(1− p)k+1−1−#j

= p#j(1− p)k−#j = µp(Ij,k) .
(5.4)

Using an approximation of general intervals by dyadic intervals, one can extend this
relation to show that for any Borel set A one has µ(f−1(A)) = µ(A).

In fact, if p �= p′, the corresponding measures are mutually singular (supported
on disjoint sets). Although one cannot draw the densities of such singular measures,
a representation on 210 bins (these are really 210 cylinder sets) is given in Fig. 5.3.

Remark 5.12. One may wonder why the Lebesgue measure plays such a natural and
fundamental role in physics. Perhaps the best argument is that measuring apparatus
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Fig. 5.3. A histogram in 210 bins for p = 0.6 as described in (5.4)

are usually based on reading numbers in intervals. A more natural idea would be to
use the rationals, but that seems highly impractical. The same question shows up in
Sect. 5.7

Another argument goes back to Boltzmann. Consider the problem of choosing a
distribution of initial conditions. Partition the phase space into small cubes of equal
size. In the absence of any information about the initial condition, all the cubes are
equally likely to contain it and this leads to the Lebesgue measure. This argument is
connected to the maximum entropy argument of statistical mechanics (the Lebesgue
measure has maximal entropy) and to the choice of the uniform prior in Bayesian
statistics (we refer to (Jaynes 1982) for more on these questions). Another way to
say it is that the choice of a measure different from the Lebesgue measure (singular
with respect to the Lebesgue measure) amounts to introducing a bias in the prob-
lem, namely pretending that some supplementary information is available. Of course
if such supplementary information is indeed available it should be included in the
statistical choice of the initial condition.

Examples of rigorous results

i) The Lasota–Yorke theorem (Lasota and Yorke 1973): Let f be a map from [0, 1]
to itself which has the form of Fig. 5.4. In mathematical terms: There are a finite
number of pieces, and f restricted to each piece is C2, with |f ′| > α > 2. Then
f has an absolutely continuous invariant measure (with respect to the Lebesgue
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Fig. 5.4. The graph of a map f which satisfies the conditions of the Lasota–Yorke result

measure). It can have other invariant measures, but they would not be absolutely
continuous.

ii) The Misiurewicz theorem (Misiurewicz 1981): Let f be a unimodal map with
quadratic maximum. If the orbit of the critical point (i.e., the point xcrit where f
takes its maximum) is periodic, then f has a unique acim. The map x 
→ 1−2x2

is such a map (see the histogram). Another such example is fν = x 
→ 1 −
νx2, where ν is so chosen that f3

ν (0) = f4
ν (0). In all these cases, the invariant

measure has at worst square root singularities h(x) ∼ const/
√
|x− x0|. See

also (Ulam and von Neumann 1967; Ruelle 1977) for an earlier example of this
phenomenon. The paper (Misiurewicz 1981) contains a much stronger result,
namely that it is sufficient for the orbit of the critical point not to return too
close the critical point.

iii) If (Collet and Eckmann 1983)

|(fn
ν )′(fν(xcrit))| > Ceεn ,

for all n ∈ Z with ε > 0, then fν has a unique acim. For a review of extensions
(in particular, requiring the condition only for n ≥ 0) see (Świa̧tek 2001; Avila
and Moreira 2005; Nowicki 1998; Nowicki and van Strien 1991).

iv) One can ask for how many ν the map fν has an acim. Those of the examples
covered by ii) form only a set of (Lebesgue) measure 0. But those satisfying the
weaker condition in iii. form a set of positive measure. This set has so-called
Lebesgue points ν∗ by which one means

lim
ν→ν∗

λ( good points in [ν, ν∗])
λ([ν, ν∗])

= 1 .

In the vicinity of these Lebesgue points, the set of parameter values ν for which
fν has an acim not only has therefore positive measure, but is basically of full
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measure. The value ν∗ = 2 is such a Lebesgue point, and there are many more,
in particular all those ν∗ for which the map fν∗

has the property that the orbit of
the critical point lands on an unstable fixed (or periodic) point, see, for example,
(de Melo and van Strien 1993).

Exercise 5.13. This is a supplement to Exercise 3.26, concerning the dissipative
baker’s map. Show that there is an invariant measure on the attractor which can be
identified as the product of the Lebesgue measure (in the horizontal direction) with
the Bernoulli (product) measure of parameters (1/2, 1/2) (in the vertical direction).

Exercise 5.14. Consider the Definitions 3.23 and 3.24 of attractor and of an attract-
ing set. Show that if we have an attracting set A , any invariant measure with support
contained in the basin of this attracting set should have support in A .

5.2 Details

A basic goal of the study of dynamical systems is to understand the effect of time
evolution on the state of the system, and primarily the long time behavior of the
state (although transient behavior is sometimes very interesting and important in
applications). Basically, two approaches to this problem can be found.

The first one can be called topological or differential–geometric, and it studies
objects like periodic orbits, attractors, bifurcations, etc.

The second approach can be called ergodic and studies the behavior of trajecto-
ries from a measure theoretic point of view. This is interesting for systems with a
large variety of dynamical behaviors depending on the initial condition.

In this course we will mostly deal with this second approach. Nevertheless, as we
will see below, the interplay between the two approaches (geometric and ergodic) can
be important and fruitful. Many observables, for example the Lyapunov exponents,
are averages which have their origin in differential quantities of geometric nature.
The ergodic approach then allows to study these averages, as well as their fluctua-
tions.

To introduce in more detail the ergodic approach, let us consider the following
question which is historically one of the first motivations of ergodic theory. Let A be
a subset of the phase space Ω (describing the states with a property of interest, for
example, that all the molecules in a room are in its left half). One would like to know,
for example, in a long time interval [0, N ] (N large) how much time the system has
spent in A, namely how often the state has the property described by A. Consider for
simplicity a discrete time evolution. If χA denotes the characteristic function of the
set A, the average time the system has spent in A over an interval [0, N ] starting in
the initial state x0 is given by

AN (x0, A) =
1
N

N−1∑

j=0

χA

(
f j(x0)

)
.
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It is natural to ask if this quantity has a limit when N tends to infinity. The answer
may, of course, depend onA and x0, but we can already make two important remarks.
Assume the limit exists, and denote it by µx0

(A).
First, it is easy to check that the limit also exists for f(x0) and also for any

y ∈ f−1(x0) =
{
z | f(z) = x0

}
. Moreover, we have

µf(x0)
(A) = µy(A) = µx0

(A) .

Second, the limit also exists if A is replaced by f−1(A) and has the same value,
namely

µx0
(f−1(A)) = µx0

(A) ;

indeed,
χA(f j(x)) = 1 if and only if x ∈ f−j(A) .

If one assumes that µx0
(A) does not depend on x0 at least for Borel sets A

(or some other sigma algebra but we will mostly consider the Borel sigma algebra
below), one is immediately led to the notion of invariant measure. We reformulate
Definition 5.3 in terms of sigma-algebras (cf. Table 3.1):

Definition 5.15. A measure µ on a sigma-algebra B is invariant under the measur-
able map f if for any measurable set A

µ
(
f−1(A)

)
= µ(A) . (5.5)

A similar definition holds for (semi)flows.

Remark 5.16. If µ1 is an invariant measure for the dynamical system (Ω1, f1) and
the map Φ is measurable and a.s. invertible, then the measure µ2 = µ1 ◦ Φ−1 is
an invariant measure for the dynamical system (Ω2, f2) with Ω2 = Φ(Ω1), f2 =
Φ ◦ f1 ◦ Φ−1.

Unless otherwise stated, when speaking below of an invariant measure we will
assume that it is a probability measure. We will denote by (Ω, f,B, µ) the dynamical
system with state space Ω, discrete time evolution f , B is a sigma-algebra on Ω
such that f is measurable with respect to B and µ is an f -invariant measure on B.
As mentioned above B will most often be the Borel sigma-algebra and we tacitly
assume this throughout.

Exercise 5.17. Let (Ω, f) be a dynamical system and assume Ω is a metric space.
Assume f is continuous, and let µ be a Borel measure. Show that µ is invariant if
and only if ∫

g ◦ f dµ =
∫

g dµ ,

for every continuous function g.
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The goal of ergodic theory is to study systems (Ω, f,B, µ) and in particular their
large time evolution. Consider now an observable g which we recall is a measurable
function on the phase space Ω. We have seen above one such observable, namely the
function χA which takes the value 1 if the state is in A (has the property described
by A) and takes the value 0 otherwise. (Ω,B, µ) is a probability space and therefore
g is a random variable on this probability space. More generally

(
g ◦ fn, n ≥ 0

)
is

a discrete time, stationary, stochastic process. Therefore, we can apply all the ideas
and results of the theory of stochastic process to dynamical systems equipped with
an invariant measure. As mentioned above and as we will see in more detail below,
this will be particularly interesting when done in conjunction with questions and
concepts coming from the geometric approach.

Although any (stationary) stochastic process can be considered as a dynamical
system (with phase space the set of all possible trajectories and transformation given
by the time shift), there are however some important differences to mention. First
of all, dynamical systems frequently have many invariant measures. This raises the
question of whether one of them is a more natural one. This is indeed the case from
a physical point of view (the so-called Physical measure when it exists, see below).
However, other invariant measures can be interesting from different points of view
(measure of maximal entropy for example). In other words, in dynamical system
theory sets of measure zero for one invariant measure may be important from some
other point of view. Other concepts like Hausdorff dimension and Hausdorff mea-
sure can be interesting but may involve sets of measure zero. It is also important to
mention that some sets of measure zero can indeed be “observed” (like, for example,
in the multifractal formalism). It is worth mentioning that the choice of a particu-
lar invariant measure is related to the choice of an initial condition for a trajectory.
We will come back to this point when discussing the ergodic theorem. The conclu-
sion is that in dynamical systems, sets of measure zero should not be disregarded as
systematically as in probability theory.

We now discuss some simple examples of invariant measures. The simplest sit-
uation arises when a system has a fixed point, namely a point in phase space which
does not move under time evolution. For a discrete time system given by a map f ,
this is a point ω of phase space such that f(ω) = ω. For a continuous time system
given by a vector field X, a fixed point (also called a stationary state) is a point ω of
phase space for which X(ω) = 0. Such a point satisfies ϕt(ω) = ω for any t ∈ R ,
where ϕt is the flow integrating X. It is easy to verify that if a system has a fixed
point, the Dirac mass in this fixed point is an invariant measure; namely, this measure
satisfies equation (5.5). More generally, for a (finite) periodic orbit for a discrete time
evolution, the average of the Dirac masses at the points of the orbit is an invariant
measure.

The Lebesgue measure is also invariant under the map f : x 
→ 2x (mod 1)
(Example 2.6). Although we have discussed this in Remark 5.11, we repeat it in
slightly different form. We compute f−1(A) for each measurable set A ⊂ [0, 1]. It
is easy to verify that (if 1 �∈ A)

f−1(A) =
(
A/2

)
∪
(
1/2 + A/2

)
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where (
A/2

)
=

{
x ∈ [0, 1/2]

∣∣ 2x ∈ A
}
,

and (
1/2 + A/2

)
=

{
x ∈ [1/2, 1]

∣∣ 2x− 1 ∈ A
}
.

If λ denotes the Lebesgue measure, we have

λ
(
A/2

)
= λ

(
1/2 + A/2

)
= λ(A)/2

and since the intersection of the two sets
(
A/2

)
and

(
1/2+A/2

)
is empty or reduced

to the point {1/2}, the equality (5.5) follows for µ = λ and any measurable set A.
We will see below a generalization of this idea.

Exercise 5.18. Prove that the Lebesgue measure on [−1, 1] is invariant under the
map g(x) = 1− 2|x|.

Exercise 5.19. Consider the middle third triadic Cantor set K. Recall that K =
∩nKn, where each Kn is a disjoint union of 2n intervals, the intervals of Kn+1

being obtained from those of Kn by dropping the (open) middle third subinterval.
The construction is illustrated in Fig. 5.5.

Fig. 5.5. Recursive construction of the Cantor set (top to bottom, omitting each time the middle
third of every interval)

Show that this is the set of points whose representation in base 3 does not contain
any digit “1.” Define a measure µ by giving the weight 2−n to any interval in Kn.
Show that µ is invariant under the map x 
→ 3x (mod 1).

Let p be a Markov transition matrix on a finite alphabet A. Recall that this is a∣∣A
∣∣ ×

∣∣A
∣∣ matrix with nonnegative elements pb,a and such that for any a ∈ A we

have ∑

b∈A
pb,a = 1 .

Such matrices are often denoted by p(b|a). There exists an eigenvector q with non-
negative entries and eigenvalue 1, namely for any b ∈ A
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qb =
∑

a∈A
pb,aqa . (5.6)

Let Ω = AZ and consider the dynamical system on this phase space given by the
shift. Given a finite sequence xr, . . . , xs (r ≤ s ∈ Z) of elements ofA, often denoted
by the short hand notation xs

r, we denote by C(xs
r) the cylinder subset of Ω given by

C(xs
r) =

{
y ∈ AZ

∣∣ yj = xj , r ≤ j ≤ s
}
.

We now define a measure µ on Ω by specifying its value on any (finite) cylinder set:

µ
(
C(xs

r)
)

= qxr

s−1∏

j=r

pxj+1,xj
.

It is easy to verify that this defines a measure on Ω, which is invariant under the shift.

Exercise 5.20. Prove this assertion.

This is, of course, nothing but a stationary Markov chain with transition probability
p. In the particular case where for any b ∈ A the numbers pb,a do not depend on a
we get a sequence of i.i.d (independent, identically distributed) random variables on
A. The measure is an infinite product measure often called a Bernoulli measure. This
construction can be generalized in various ways and in particular to the construction
of Gibbs measures on subshifts of finite type (see (Ruelle 2004)).

Exercise 5.21. (Another way to look at Fig. 5.3 and earlier calculations.) Let p ∈
(0, 1) and q = 1−p. Consider the phase space Ω = {0, 1}N equipped with the shift
operator S. Let µp be the infinite product measure with µp(0) = p (coin flipping).
Using the conjugation of the shift and the map f(x) = 2x (mod 1) (except for a
countable set), show that one obtains an invariant measure (also denoted µp) for the
map f . Show that the measure of any dyadic interval of length 2−n is of the form
prqn−r, where 0 ≤ r ≤ n is given by the dyadic coding of the interval. Show that
for p = q = 1/2 one gets the Lebesgue measure.

Exercise 5.22. Prove that the 2-dimensional Lebesgue measure is invariant under
the baker’s map (Example 2.5), the cat map (Example 2.10), the standard map (Ex-
ample 2.29), and the Hénon–Heiles map (4.3). Hint: compute the Jacobian.

5.3 The Perron–Frobenius Operator

It is natural at this point to ask how one finds the invariant measures of a dynam-
ical system. Solving (5.5) is, in general, a nontrivial task, in particular it happens
frequently that dynamical systems have an uncountable number of (inequivalent) in-
variant measures (as in Exercise 5.21). One can then try to determine invariant mea-
sures with some special properties. In this section we consider a map f of the unit



90 5 Invariant Measures

interval [0, 1] and look for invariant probability measures that are absolutely contin-
uous with respect to the Lebesgue measure, abbreviated acim. In other words, we
are looking for measures dµ = hdx, with h a nonnegative integrable function (of
integral one) satisfying (5.5). This is equivalent to requiring

∫
1

0

g(x)h(x)dx =
∫

1

0

g(f(x))h(x)dx , (5.7)

for any measurable (bounded) function g. Assume next that f is piecewise monotone
with finitely many pieces (see Example 2.15), namely that there is a sequence
a0 = 0 < a1 < · · · < ak = 1 such that on each interval [aj , aj+1] the map f
is monotone and continuous. We have already seen the case of piecewise expanding
maps of the interval, but the piecewise monotone property also holds for the case
of the quadratic family of Example 2.18 and more generally for unimodal maps and
for continuous maps with finitely many critical points. Let ψj denote the inverse of
the map f∣∣[aj ,aj+1]

. This inverse exists since f is monotone on [aj , aj+1], it is also

a monotone map from f([aj , aj+1]) to [aj , aj+1]. If the maps ψj are differentiable,
we can perform a change of variables y = f(x) (restricted to [aj , aj+1] ) in the
right-hand side of (5.7). More precisely

∫
1

0

g
(
f(x)

)
h(x)dx =

k−1∑

j=0

∫
aj+1

aj

g(f(x))h(x)dx

=
k−1∑

j=0

∫
f(aj+1)

f(aj)

g(y)ψ′
j(y)h

(
ψj(y)

)
dy . (5.8)

Since this relation should hold for any bounded and measurable function g, we con-
clude that h is the density of an acim for the map f if and only if Ph = h, where P
is the so-called Perron–Frobenius operator given by

Pg(x) =
∑

j

χf([aj ,aj+1])
(x)g

(
ψj(x)

)∣∣ψ′
j(x)

∣∣ . (5.9)

In other words, h is the density of an acim for the map f if and only if it is an
eigenvector of eigenvalue one for the operator P . Using the fact that the functions
ψj are local inverses of f , the Perron–Frobenius operator is also given by

Pg(x) =
∑

y, f(y)=x

g(y)∣∣f ′(y)
∣∣ . (5.10)

An immediate consequence of this formula is that for any measurable functions u
and g,

P
(
u · g ◦ f

)
= gP

(
u
)
. (5.11)

In d dimensions the Perron–Frobenius operator is
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Pf : g 
→
∑

y:f(y)=x

g(y)
|det Dyf |

,

where Dyf is the matrix ∂fi/∂xj evaluated at y.
We mention without proof the following result for piecewise expanding maps of

the interval. Before we state this result, we recall that a function g on the interval is
of bounded variation if there is a finite number C > 0 such that for any n and any
strictly increasing sequence 0 ≤ b0 < b1 < . . . < bn ≤ 1 we have

n−1∑

j=0

∣∣g(bj)− g(bj+1)
∣∣ ≤ C .

The space of functions of bounded variation equipped with a norm given by the
infimum C(g) of all these numbers C plus the sup norm is a Banach space denoted
below by BV. We thus write

‖g‖BV = ‖g‖L1 + C(g) .

Theorem 5.23. Any piecewise expanding map of the interval has at least one ab-
solutely continuous invariant probability measure with density in the space of func-
tions of bounded variation.

This theorem due to Lasota and Yorke is proved by investigating the spectral prop-
erties of the Perron–Frobenius operator. We refer to (Hofbauer and Keller 1982) for
the details, references, and consequences. We also give some complements to this
result in Theorem 5.57.

Equation (5.10) is very reminiscent of (5.6) for the invariant measures of a
Markov chain. The next exercise develops this analogy.

Exercise 5.24. Consider a piecewise expanding Markov map of the interval with
affine pieces. Show that there are acim with piecewise constant densities. Using the
coding of Exercise 2.24 show that this system is conjugated to a stationary Markov
chain. Show that any stationary Markov chain with a finite number of states can be
realized by a piecewise expanding Markov map of the interval with affine pieces.

Exercise 5.25. Let p1, p2, . . . be a sequence of positive numbers summing to 1.
Define an infinite sequence of intervals I1 = [a2, a1], I2 = [a3, a2] ,. . . , Ij =
[aj+1, aj ] ,. . ., where a1 = 1 and

aj =
∞∑

�=j

p� .

Define a map of the unit interval into itself by

f(x) =

{
x−a2
1−a2

, if x ∈ I1

aj + (aj−1 − aj)
x−aj+1
aj−aj+1

, if x ∈ Ij for j > 1
.
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Choose an initial condition at random with respect to the Lebesgue measure on the
interval I1 and generate the trajectory. Show that this dynamical system can be in-
terpreted as a renewal process (a process with independent identically distributed
waiting times).

Another version of relation (5.8) will be useful later. Let U be the Koopman
operator defined on measurable functions by

Ug(x) = g(f(x)) . (5.12)

It is easy to verify that if µ is an invariant measure, then U is an isometry of L2(dµ).
Equation (5.8) can now be written in the following form

∫
1

0

g2U
(
g1

)
dx =

∫
1

0

P
(
g2

)
g1dx (5.13)

for any pair g1, g2 of square integrable functions.
Although we have worked here explicitly with the Lebesgue measure, we men-

tion that similar relations can be obtained for other reference measures. Important
examples are provided by Gibbs states on subshifts of finite type (Example 2.20).

We now discuss these measures. For a subshift of finite type, the phase space Ω
is a shift invariant subspace of Θ = AZ , where A is a finite alphabet. We next recall
the definition of a metric on symbolic sequences: For two elements x and y of Θ,
denote by δ(x,y) the nearest position to the origin where these two sequences differ,
namely

δ(x,y) = min
{
|q|

∣∣xq �= yq

}
.

For a given number 0 < ζ < 1 we define a distance dζ (denoted simply by d when
there is no ambiguity in the choice of ζ) by

dζ(x,y) = ζδ(x,y) . (5.14)

Remark 5.26. As we have said earlier, a function is Lipschitz continuous (or, equiva-
lently, Hölder continuous with exponent 1) if it is continuous and if

sup
x�=y
|f(x)− f(y)|/|x− y| = Lf

is bounded. The constant Lf is called the Lipschitz constant of f .

Exercise 5.27. Prove that dζ is a distance and that Θ is compact in this topology.
Show that the phase space Ω (see Example 2.20) of any subshift of finite type with
alphabet A is closed in Θ. Prove that the shift map S on Ω is continuous (and even
Hölder), with a continuous inverse.

Exercise 5.28. This metric has the ultrametric property: Check that every triangle is
isosceles.
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Theorem 5.29. Let ϕ be a real valued Hölder continuous function on the phase
space Ω of a subshift S of finite type. Assume that the incidence matrix M of the
subshift is irreducible and aperiodic (in other words, there is an integer r such that
all the entries of the matrix Mr are nonzero). Then there are a unique probability
measure µ invariant under the shift and a positive constant Γ > 1 such that for any
cylinder set C

(
xp

q

)
(with q ≤ p) and for any y ∈ C

(
xp

q

)
, if µ

(
C
(
xp

q

))
�= 0, then

Γ−1 ≤
µ
(
C
(
xp

q

))

e−(p−q+1)Pϕe
∑p

j=q ϕ
(
Sj(y)

) ≤ Γ , (5.15)

where Pϕ is the pressure defined by

Pϕ = lim
n→∞

1
2n + 1

log




∑

xn
−n

, Mxj,xj+1
=1

e
∑n

j=−n
ϕ
(
Sj

(x)
)


 .

In this last formula, x denotes any point of Ω belonging to the cylinder set C
(
xp

q

)
.

Definition 5.30. The measure whose existence is asserted in Theorem 5.29 is called
the Gibbs state (on the subshift S, with potential ϕ).

Exercise 5.31. Prove that the pressure does not depend on the choice of the point x
in the cylinder set C

(
xp

q

)
(use the Hölder continuity of ϕ).

We refer to (Bowen 1975) or (Ruelle 2004) for a proof of this result, using the
Perron–Frobenius operator and the relation with Gibbs states in statistical mechanics.
See also Sect. 7.4.

Remark 5.32. Note that when ϕ is a constant, the measure does not depend on its
value. Furthermore, by (5.15), all cylinders have the same measure up to the factor
Γ .

Exercise 5.33. Under the assumptions of Theorem 5.29, consider the eigenvector v
with maximal eigenvalue λ of the matrix M and the left eigenvector w normalized to∑

i viwi = 1. Show that

µ(C(xp
q)) = λ−(p−q)wxp

Mxp,xp−1
· · ·Mxq+1,xq

vxq
ϕ .

Exercise 5.34. Show that all Markov chains with a finite number of states can be
realized as a Gibbs measure with a potential ϕ

(
x
)

depending only on the first two
symbols x0 and x1 of x. (Start by constructing the incidence matrix.)

5.4 The Ergodic Theorem

Motivation: One wants to explain why the invariant measure plays a certain rôle, and
why always the same histogram of Fig. 5.1 appears, somehow independently of the
initial point (unless it happens to be a periodic point or some other exceptional point).

Preliminary statement: One is given a transformation f and an observable h (an
integrable function). Then the ergodic theorem tells us
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Theorem 5.35 (Ergodic theorem, preliminary version). If µ is an invariant mea-
sure, then

lim
n→∞

1
n

n−1∑

j=0

h(f j(x)) =
∫

h(y)µ(dy) .

Note that the l.h.s. is a time average and the r.h.s. is a space average.

Remark 5.36. In the continuous time case, replace the l.h.s. by

lim
t→∞

1
t

∫
t

0

dτ h(ϕτ (x)) .

Example 5.37. f(x) = 1 − 2x2, µ(dx) = 1

π
√

(1−x2)
dx. This is the density of

Fig. 5.1. That figure is obtained by a normalized histogram, which means that one
counts how often an orbit visits a given interval (bin) I divided by the number of
iterates. In other words, the observable for each bin is

h(x) =

{
1 , if x ∈ I

0 , otherwise
.

The ergodic theorem tells us that this procedure converges to the histogram of the
invariant measure for almost every initial condition x0.

As already suggested, the statement of Theorem 5.35 cannot be correct as for-
mulated, because it may fail for the periodic points of the example. In general, only
a few exceptions appear, if “few” is expressed with respect to the invariant measure.
However, this might be “many” with respect to another, perhaps even more naturally
seeming measure, see below.

We call (X,µ) (where X is a space and µ is a measure) a probability space if∫
X

dµ = 1. And in this case µ is called a probability measure.

Theorem 5.38 (Birkhoff ergodic theorem). Let µ be an invariant probability mea-
sure for the map f (on the space X). Let h be an integrable function on X:∫

X
|h|dµ <∞. Define the partial sums:

Sn(x) =
n−1∑

i=0

h(f i(x)) .

1. For µ-almost every x one has

lim
n→∞

1
n
Sn(x) = h∗(x) .

2. The function h∗ is f -invariant:

h∗(x) = h∗(f(x)) .
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3. One has ∫
h∗(x)dµ =

∫
h(x)dµ .

Definition 5.39. The notion for µ-almost every x means for a set of x of µ-measure
1. It is also written µ-a.e. x.

The most interesting case is of course when the limit in the ergodic theorem is
independent of the initial condition (except for a set of µ-measure zero). This leads
to the definition of ergodicity (recall that µ is a probability):

Definition 5.40. Given a map f on a space X , an invariant probability measure µ is
called ergodic with respect to f if f−1(E) = E implies µ(E) = 1 or µ(E) = 0. In
other words, the only invariant sets E are those of measure 0 or 1, and in particular,
it is not possible that a part of the space is invariant.

The definition can be formulated in several other ways:

Lemma 5.41. Consider a dynamical system (f,X) with invariant measure µ.

i) If µ is ergodic, then for any integrable function h the limit function h∗ given by
the ergodic theorem (Theorem 5.38) is almost surely constant, and furthermore

h∗(x) = lim
N→∞

1
N + 1

N∑

j=0

h
(
f j(x)

)
=

∫
h(y)dµ(y) . (5.16)

ii) If, for all integrable h, the function h∗(x) is almost surely constant, then µ is
ergodic.

iii) If µ is ergodic, then any invariant function is µ-almost surely constant.
iv) If every invariant function is almost surely constant, then µ is ergodic.

Remark 5.42. This is an important remark. All the statements of the ergodic the-
orem are only with respect to the measure µ. Thus, they say nothing about sets of
initial points whose µ-measure is 0, but which could have positive measure (for an-
other measure ν).

For example, in Example 5.37, a possible invariant measure is the one given
there, µ(dx) = 1

π
√

(1−x2)
dx, but one can also consider the example of

ν(dx) = δ(x− x0)dx ,

where x0 = 1/2 is an unstable fixed point of the map x 
→ 1 − 2x2. One should
note that the ergodic theorem holds for both measures, but while the µ-variant says
something about a.e. x with respect to the Lebesgue measure (i.e., almost all points
in [−1, 1]) the ν-variant talks only about the point x = 1/2.

Proof of Lemma 5.41. We first prove i). Let

cM = {x ∈ X | h∗(x) exists and h∗(x) < M} .
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This set is f -invariant, since the function x 
→ h∗(x) is f -invariant. But, by ergodic-
ity, this implies that the measure µ(cM ) is either 0 or 1. Define now the constant h̃
by

h̃ = inf{M | µ(cM ) = 1} .
Then

h̃

∫
dµ =

∫
h∗(x)dµ =

∫
h(x) dµ .

This implies that h∗(x) = h̃, µ-almost surely. To prove ii), observe that if E is an
invariant set, then its characteristic function χE is invariant. Taking h(x) = χE(x),
it follows from the definition of h∗ that h = h∗, which implies, by i), that χE(x) is
almost surely constant. This is only possible if µ(E) equals 0 or 1. The statement iii)
follows from i) by observing that if h is an invariant function, then h∗ = h∗(x) =
h(x), so h must be constant. The proof of iv) follows like ii), by taking h = χE for
an invariant set. ��
Proof of Theorem 5.38. We may suppose h ≥ 0; otherwise, we just decompose h
into its (measurable) positive and negative parts h = h+ − h− and deal with each of
them separately. We define

h̄(x) = lim sup
n→∞

1
n
Sn(x) , h(x) = lim inf

n→∞

1
n
Sn(x) .

We shall prove
∫

h̄(x)µ(dx) ≤
∫

h(x)µ(dx) ≤
∫

h(x)µ(dx) , (5.17)

from which we can conclude h̄(x) ≤ h(x) for µ-a.e. x. We only show the second
inequality of (5.17); the proof of the first inequality is very similar.

We will present a proof which is based on ideas of nonstandard analysis (see
(Kamae 1982; Katznelson and Weiss 1982)). We begin by a wrong, but illuminating
argument. It is based on the wrong assumption that the integrable function h must be
bounded: |h| ≤M <∞. (In another approach, one shows directly that it suffices to
prove (5.17) for bounded measurable functions to deduce the result for any h ∈ L1.)

Clearly, this implies

h̄(x) = lim sup
n→∞

1
n
Sn(x) ≤ M .

Then, by the definition of Sn(x),

h̄(f(x))− h̄(x) = lim
n→∞

1
n

(
h(fn(x))− h(x)

)
= 0 .

So, h̄ is f -invariant.
We now fix ε > 0. For every x there is a smallest n for which

1
n
Sn(x) ≥ h̄(x)− ε . (5.18)
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We call this n(x); note that n(x) also depends on ε. We make a second wrong as-
sumption:

sup
x

n(x) = N <∞ ; (5.19)

again, N = Nε depends on ε. We define recursively:

n0(x) = 0 , n1(x) = n(x) ,

n2(x) = n1(x) + n(fn1(x)(x)) ,
. . .

nj+1(x) = nj(x) + n(fnj(x)(x)) .

Fix now L ≥M ·Nε/ε. Let J(x) be the last j for which nj(x) ≤ L. We write (in a
complicated way, using the f -invariance of h̄),

Lh̄(x) =
L−1∑

i=0

h̄(f i(x)) =
J(x)∑

j=1

nj(x)−1∑

i=nj−1(x)

h̄(f i(x)) +
L−1∑

i=nJ(x)(x)

h̄(f i(x)) .

By (5.19), the last sum is bounded by

L−1∑

i=nJ(x)(x)

h̄(f i(x)) ≤ N ·M .

We also get from (5.18),

Sn(y)(y) ≥ h̄(y)n(y)− n(y)ε ,

so that (taking y = fnj−1(x)(x) below), and using h ≥ 0 we get

Lh̄(x) ≤
J(x)∑

j=1

(
Snj(x)−nj−1(x)

(
fnj−1(x)(x)

)
+

(
nj(x)− nj−1(x)

)
ε
)

+ N ·M

≤
nJ(x)(x)−1∑

i=0

h(f i(x)) + Lε + N ·M

≤
L−1∑

i=0

h(f i(x)) + 2Lε .

Dividing by L, we get

h̄(x) ≤
L∑

i=0

h(f i(x)) + 2ε .

Integrating, and using the invariance of the measure, we get
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∫

h̄(x)µ(dx) ≤
∫

h(x)µ(dx) + 2ε
∫

µ(dx) .

Since this holds for all ε > 0, and
∫
µ(dx) = 1, we get (5.17).

Second, more correct proof. The first observation is that if h ∈ L1, this implies

lim
M→∞

µ({(x) | h(x) > M}) = 0 ,

in other words, while we cannot guarantee that h is bounded, the set on which
it is large has small µ-measure. We fix an M < ∞, and we define h̄M (x) =
min(M, h̄(x)). Note that h̄M (x) = h̄M (f(x)). We also fix ε > 0 and define, as
before, but for h̄M :

n(x) = inf{n | h̄M (x)− ε ≤ Sn(x)/n} .

Note that n(x) is µ-almost everywhere finite, and therefore

lim
N0→∞

µ({x | n(x) > N0}) = 0 .

So, in summary, the “wrong” assumptions are wrong only on a set of small µ-
measure. It will suffice to modify the wrong proof correspondingly, by omitting small
sets, and arriving at the end at a bound of 3ε instead of 2ε. More precisely, fix ε > 0
and choose M such that µ({x | h(x) > M}) < ε, and then N0 large enough such
that µ(A) < ε/M , where A = {x | n(x) > N0}. We need a little gymnastics since
the orbit of x can enter and leave A. For this, we let

ȟ(x) =

{
h(x) , if x /∈ A
max(M,h(x)) , otherwise

,

and

ň(x) =

{
n(x) , if x /∈ A
1 , otherwise

.

So, Ac is the set where things are as before, while A is the set where the wrong
assumptions fail. Then, we get

ň(x)−1∑

i=0

h̄M (f i(x)) ≤
ň(x)−1∑

i=0

ȟ(f i(x)) + ň(x)ε , (5.20)

since if x ∈ A, we have ň(x) = 1 and h̄M (x) ≤ M ≤ ȟ(x), while if x /∈ A
the inequality follows from the definition of n(x) and the inequality h(f i(x)) ≤
ȟ(f i(x)).

As before, one inductively defines

n0(x) = 0 ,
. . .

nj+1(x) = nj(x) + ň(fnj(x)x) .
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Now we can sum, as before

L∑

i=0

h̄M (f i(x)) =
J(x)∑

j=1

nj(x)−1∑

i=nj−1(x)

h̄M (f i(x)) +
L−1∑

i=nJ(x)(x)

h̄M (f i(x))

≤
L−1∑

i=0

ȟ(f i(x)) + Lε + N0 ·M ,

where J(x) is the largest integer such that nJ(x)(x) ≤ L, and the last inequality

follows from (5.20) (one distinguishes the cases fnJ(x)(x)(x) ∈ Ac, where L −
nJ(x)(x) ≤ N0, and the complementary case, where L−nJ(x)(x) = 1 by definition
of ň).

On the other hand, integrating, we get
∫

ȟ(x)µ(dx) ≤
∫

Ac

h(x)µ(dx) +
∫

A
h(x)µ(dx) + M

∫

A
µ(dx) .

The last term is bounded by ε by the construction of N0 (and henceA), and thus, we
get by letting L tend to infinity

∫
h̄Mdµ ≤

∫
ȟdµ + 3ε ≤

∫
hdµ + 4ε ,

and the proof is completed by letting M tend to infinity and then ε tend to 0. ��
Apart from the (strong) Birkhoff ergodic theorem, there are other variants. The

ergodic theorem of von Neumann (von Neumann 1932) applies in an L2 context,
while the Birkhoff ergodic theorem (Birkhoff 1931) applies almost surely (we refer
to (Krengel 1985; Kalikov 2000; Keane 1991; Petersen 1983; Keane and Petersen
2006) for proofs, extensions and applications).

We add here a list of comments and precautions about the ergodic theorem.

i) The set of µ-measure zero where nothing is claimed depends on both f and µ.
One can often use a set independent of f (for example if L1(dµ) is separable).
We comment below on the dependence on µ.

ii) The theorem is often remembered as saying that the time average is equal to the
space average. This has to be taken with a grain of salt. As we will see below,
changing the measure may change drastically the exceptional set of measure
zero and this can lead to completely different results for the limit.

iii) In (5.16), the initial state x does not appear on the right-hand side, but it is
hidden in the fact that the formula is only true outside a set of measure zero.

iv) The ergodic theorem tells us that limn→∞
1
nSn(x) exists for µ-almost every x.

This does not mean that the limit exists for Lebesgue (λ) almost every x if µ
is not absolutely continuous. We will see later that for very chaotic systems,
this desirable additional property indeed will hold for some µ which are not
absolutely continuous (the so-called Physical measures which will be defined
later).
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Example: Suppose f is the cat map, for x ∈ [0, 1)× [0, 1). Every rational point
is periodic. Take one of them, x0, and define xi = f i(x0) for i = 0, . . . , p− 1,
where p is the period of x0. Then µ = 1

p

∑p−1
i=0 δxi

is an invariant measure, and
the ergodic theorem applies. But a property which is true for µ-almost every
x is true only on the set {x0, . . . , xp−1} and a “few” other points (the stable
manifold of the periodic orbit, see later). But for a set of λ-measure 1, the sum
Sn(x)/n converges to

∫
h(x)λ(dx), and not to

∫
h(x)µ(dx).

v) The set of initial conditions where the limit does not exist, although small from
the point of view of the measure µ may be big from other points of views (see
(Barreira and Schmeling 2000)).

vi) It often happens that a dynamical system (X, f) has several ergodic invariant
(probability) measures. Let ν and µ be two different ones. It is easy to verify
that they must be disjoint, namely one can find a set of ν-measure one which
is of µ-measure zero and vice versa. This explains why the ergodic theorem
applies to both measures leading in general to different time averages.

vii) For nonergodic measures, one can use an ergodic decomposition (disintegra-
tion). We refer to (Krengel 1985) for more information. However, in concrete
cases this often leads to rather complicated sets.

viii) In probability theory, the ergodic theorem is usually called the law of large num-
bers for stationary sequences.

ix) Birkhoff’s ergodic theorem holds for semiflows (continuous time average). It
also holds of course for the map obtained by sampling the semiflow uniformly
in time. However, nonuniform sampling may spoil the result (see (Reinhold
2000) and references therein).

x) Simple cases of nonergodicity come from Hamiltonian systems with the invari-
ant Liouville measure. First of all since the energy is conserved (the Hamiltonian
is a nontrivial invariant function), the system is not ergodic. One has to restrict
the dynamics to each energy surface. More generally if there are other indepen-
dent constants of the motion one should restrict oneself to lower dimensional
manifolds. For completely integrable systems, one is reduced to a constant flow
on a torus which is ergodic if the frequencies are incommensurable. It is also
known that generic Hamiltonian systems are neither integrable nor ergodic (see
(Markus and Meyer 1974)).

xi) Proving ergodicity of a measure is sometimes a very hard problem. Note that it is
enough to prove (5.16) for a dense set of functions, for example the continuous
functions.

Some of the above remarks are illustrated in Figs. 5.6–5.8. The dynamical system
is the map 3x (mod 1) of the unit interval and the function h is the characteristic
function of the interval [0, 1/2]. The figure shows Sn/n as a function of n for two
initial conditions. The Lebesgue measure is invariant and ergodic and we expect that
if we choose an initial condition uniformly at random on [0, 1], then Sn/n should
converge to 1/2 (the average of h with respect to the Lebesgue measure). This is
what we see in Fig. 5.6, where two different initial conditions were chosen at random
according to the Lebesgue measure. Note that the convergence to the limit 1/2 is not
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Fig. 5.6. Evolution of Sn/n for two random initial conditions for the map x �→ 3x (mod 1)
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Fig. 5.7. Evolution of Sn/n for a periodic initial condition for the map x �→ 3x (mod 1)
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very fast. We come back to this question later. Figure 5.7 shows Sn/n as a function
of n for the initial condition x0 = 7/80. This point is periodic of period 4, and its
orbit has three points in the interval [1/2, 1] (Exercise: verify this statement). The
invariant measure (the sum of the Dirac measures on the 4 points of the orbit) is
ergodic and therefore, Sn/n converges to 3/4 (the average of f with respect to the
discrete invariant measure supported by the orbit).

Figure 5.8 was drawn using an atypical initial condition for which Sn/n will
oscillate forever between two extreme values, although the oscillations will slow
down as n increases.
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Fig. 5.8. Evolution of Sn/n for the map x �→ 3x (mod 1) for an atypical initial con-
dition. This initial condition has the representation x =

∑∞
i=0 si3

−i, with si = 1 for
i ∈ [22k, 22k+1 − 1], k ∈ N and 0 otherwise

Let p ∈ (0, 1) with p �= 1/2. Consider the probability measure µp on Ω =
{0, 1}N of Exercise 5.21. This is equivalent to flipping a coin with probability p to
get head and probability q = 1− p to get tail. It is easy to prove that the measure µp

is invariant and ergodic for the shift S. In this case, ergodicity follows from the law
of large numbers and the ergodic theorem. We discuss later some other methods of
proving ergodicity using mixing.

An extension of the ergodic theorem is the so-called subadditive ergodic theorem
which has many useful applications.

Theorem 5.43. Let (Ω,B, f) be a measurable dynamical system and µ an ergodic
invariant measure. Let {hn} be a sequence of integrable functions satisfying for each
x ∈ Ω and for any pair of integers m and n the inequality
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hn+m(x) ≤ hn(x) + hm

(
fn(x)

)
, (5.21)

and such that

lim inf
n→∞

1
n

∫
hndµ > −∞ .

Then µ-almost surely

lim
n→∞

hn

n
= lim

n→∞

1
n

∫
hndµ .

We refer to (Krengel 1985) for a proof.

5.5 Convergence Rates in the Ergodic Theorem

It is natural to ask about the speed of convergence of the ergodic average to its limit
in Theorem 5.38. Not much can be said in general, and obviously, this is bad for prac-
tical applications, since one can never really know whether one has reached the limit
or not. There are in fact two problems. The first is that one cannot know whether the
initial point is really typical. See, for example, Fig. 5.8, which shows what happens
for an atypical point for the map x 
→ 3x (mod 1). The second problem is that even
if the initial condition is typical for the measure, the convergence can be very slow
as one sees in Fig. 5.6.

We enumerate some of the results dealing with these questions.

i) At the full level of generality any kind of velocity above 1/n can occur. Indeed
Halász and Krengel have proved the following result (see (Kachurovskiı̆ 1996)
for a review):

Theorem 5.44. Consider a (measurable) automorphism f of the unit interval
Ω = [0, 1], leaving the Lebesgue measure λ = dx invariant.

i) For any increasing, diverging sequence a1, a2, . . . with a1 ≥ 2, and for
any number α ∈ (0, 1), there is a measurable subset A ∈ Ω such that
λ(A) = α, and

∣∣∣∣∣∣
1
n

n−1∑

j=0

(
χA ◦ f j − λ(A)

)
∣∣∣∣∣∣
≤ an

n
,

λ-almost surely, for all n.
ii) Let {bn} be a sequence of numbers diverging arbitrarily slowly to∞. Then,

there is a measurable subset B ∈ Ω with λ(B) ∈ (0, 1) such that almost
surely

lim
n→∞

∣∣∣∣∣∣
bn

n

n−1∑

j=0

(
χB ◦ f j − λ(B)

)
∣∣∣∣∣∣
=∞ .
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Remark 5.45. The first part of the theorem tells us that although one expects in
general a deviation from the mean of order n−1/2 (see e.g. Theorem 7.4), there
are subsets where the deviation is quite close to 1/n. The second part tells us
that on some other subset, the mean deviation can go to 0 arbitrarily slowly.

One can construct rotations on infinite adding machines that have arbitrary pre-
scribed convergence properties (see (O’Brien 1983)).

ii) In spite of these negative results, there is however a class of somewhat surprising
general theorems dealing with aspects of “constructive analysis” (Bishop 1967).
They show the following result: Assume Sn/n → h∗. Consider the interval
Iε = [h∗−ε, h∗ +ε], and ask how often the sequence {Sn(x)/n} down-crosses
(traverses from top to bottom) the interval Iε. LetΩQ be those points x for which
the sequence {Sn(x)/n} has exactly Q down-crossings. Then the probability
µ(ΩQ) is bounded by

µ(ΩQ) ≤
(
h∗ − ε

h∗ + ε

)
Q

.

Astonishingly, all this does depend neither on the map nor on the observable.
To formulate the result more precisely, we first define the sequence of down-
crossings for a sequence {un}n∈N . (This sequence will be given later as uk =
h(fk(x)), k = 0, . . . .) Let a and b be two numbers such that 0 < a < b. If
uk ≤ a, for some k ≥ 0, we define the first down-crossing from b to a after k
as the smallest integer nd > k (if it exists) for which

i) und
≤ a,

ii) There exists at least one integer k < j < nd such that uj ≥ b.
Let now {n�} be the sequence of successive down-crossings from b to a (this
sequence may be finite and even empty). We denote by N

(
a, b, p, {un}

)
the

number of successive down-crossings from b to a occurring before time p for
the sequence {un}, namely

N(a, b, p, {un}) = sup
{
�
∣∣n� ≤ p

}
.

Theorem 5.46. Let (Ω,B, f, µ) be a dynamical system. Let h be a nonnegative
observable with µ(h) > 0. Let a and b be two positive real numbers such that
0 < a < µ(h) < b, then for any integer r

µ

({
x

∣∣∣∣N
(
a, b,∞,

{
h
(
fn(x)

)})
> r

})
≤

(a
b

)
r
.

The interesting fact about this theorem is that the bound on the right-hand side
is explicit and independent of the map f and of the observable h. We refer
to (Ivanov 1996a;b; Collet and Eckmann 1997; Kalikow and Weiss 1999) for
proofs and extensions.

To get more precise information on the rate of convergence in the ergodic theo-
rem, one has to make some hypotheses on the dynamical system and on the observ-
able.
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5.6 Mixing and Decay of Correlations

If one considers the numerator of the ergodic average, namely the ergodic sum

Sn(h)(x) =
n−1∑

j=0

h
(
f j(x)

)
, (5.22)

this can be considered as a sum of random variables, which in general are not in-
dependent. It is still natural to ask if there is something similar to the central limit
theorem in probability theory. We will treat this question in detail in Sect. 7. In any
case, one has first to obtain information about the limiting variance, which we dis-
cuss now. Assuming for simplicity that the average of h is zero, we are faced with
the question of convergence of the sequence

1
n

∫ (
Sn(h)(x)

)
2

dµ(x)

=
∫

h2(x) dµ(x) + 2
n−1∑

j=1

n− j

n

∫
h(x)h

(
f j(x)

)
dµ(x) .

(5.23)

Exercise 5.47. Use the invariance of the measure µ to prove this formula.

Here we restrict of course the discussion to observables h which are square inte-
grable. This sequence may diverge when n tends to infinity. It may also tend to zero.
This is for example the case if h = u − u ◦ f with u ∈ L2(dµ). Indeed, in that
case Sn is a telescopic sum, and so Sn(h) = u − u ◦ fn is of order one in L2 and
not of order

√
n (see (Kachurovskiı̆ 1996) for more details and references), and the

sequence (5.23) converges to 0.
A quantity which arises naturally from the above formula is the auto-correlation

functionCh,h of the observable h. This is the sequence (function of the integer valued
variable j) defined (for h of integral

∫
hdµ = 0) by

Ch,h(j) =
∫

h(x)h
(
f j(x)

)
dµ(x) . (5.24)

If this sequence belongs to �1, the limiting variance exists and is given by

σ2
h = Ch,h(0) + 2

∞∑

j=1

Ch,h(j) . (5.25)

This shows that the decay of the auto-correlation function (5.24) is an important
quantity (if we want the limiting variance to be finite).

A natural generalization of the auto-correlation is the cross correlation (often
called simply the correlation) between two square integrable observables g and h.
This function (sequence) is defined by
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Fig. 5.9. The correlation function for the observable g of Exercise 5.56 for the map x �→ 3x
(mod 1)

Cg,h(j) =
∫

g(x)h
(
f j(x)

)
dµ(x)−

∫
g dµ

∫
h dµ . (5.26)

The second term appears in the general case when neither g nor h has zero average.
The case in which g and h are characteristic functions is particularly interesting.

If g = χA and h = χB , we have

CχA,χB
(n) =

∫

A

χB ◦ fndµ− µ(A)µ(B)

=µ
(
A ∩ f−n(B)

)
− µ(A)µ(B)

=µ
(
{x | fn(x) ∈ B, x ∈ A}

)
− µ(A)µ(B) .

If for large time the system loses memory of its initial condition, it is natural to expect
that µ

(
fn(x) ∈ B

∣∣x ∈ A
)

converges to µ(B) as n→∞. This leads to the definition
of mixing. In this case the correlation function will converge to zero as n→∞. We
say that for a dynamical system (Ω,B, f) the f invariant measure µ is mixing if for
any measurable subsets A and B of Ω, we have

lim
n→∞

µ
(
A ∩ f−n(B)

)
= µ(A)µ(B) . (5.27)

Note that this can also be written (for µ(B) > 0)

lim
n→∞

µ
(
f−n(B)

∣∣A
)

= µ(B) ,

and if the map f is invertible
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lim
n→∞

µ
(
B
∣∣fn(A)

)
= µ(B) .

In other words, if we have the information that at some time the state of the system is
in the subset A, then if we wait long enough (more precisely asymptotically in time),
this information is lost in the sense that we get the same statistics as if we had not
imposed this condition. Many other mixing conditions can be formulated, including
various aspects of convergence, for example the velocity of convergence. We refer to
(Doukhan 1994) for details. See also the recent work in (Bradley 2005).

Example 5.48. In Fig. 5.10, we illustrate how mixing occurs in the cat map.

Exercise 5.49. Show that mixing implies ergodicity.

Exercise 5.50. Let f be a map with a finite periodic orbit x0, . . . , xp−1 (f(xr) =
xr+1 (mod p) for 0 ≤ r < p). Consider the invariant probability measure obtained
by putting Dirac masses with weight 1/p at the points of the orbit. Show that this
measure is ergodic but not mixing.

Exercise 5.51. Consider the map x 
→ 2x (mod 1) and the ergodic invariant mea-
sure µp of Exercise 5.21. Show that this dynamical system is mixing (hint: show
(5.27) for any cylinder set and conclude by approximation).

As explained before, to show that the ergodic sum has a (normalized) limiting
variance, we need to estimate the convergence rate in (5.27). For general measurable
sets (or for square integrable functions in (5.26)) this is often a hopeless task. Fur-
thermore, it frequently happens that the rate of convergence in (5.26) depends on the
class of functions one considers.

Note that the correlation function (5.26) can also be written

Cg1,g2
(j) =

∫
g1(x)U jg2(x) dµ(x)−

∫
g1 dµ

∫
g2 dµ ,

whereU is the Koopman operator (5.12). In the case of maps of the interval, when the
invariant probability measure µ is absolutely continuous with respect to the Lebesgue
measure with density h, the correlations can be expressed in terms of the Perron–
Frobenius operator using equality (5.13), namely

Cg1,g2
(j) =

∫
Ljg1(x) g2(x) dµ(x)−

∫
g1 dµ

∫
g2 dµ , (5.28)

with

Lg =
1
h
P
(
hg

)
. (5.29)

Note that since P
(
h
)

= h, this formula is well-defined Lebesgue-almost every-
where—even if h vanishes—by setting Lg = 0, where h = 0. It is now obvious
from (5.28) that information about the spectrum of L translates into information on
the decay of correlations. Since L is conjugated to the Perron–Frobenius operator P ,
one often studies in more detail this last operator. We recall that the relation between
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Fig. 5.10. The mixing in the cat map. Starting from 22′500 equally spaced points in the region
[0, 0.2] × [0, 0.2] we show in the top six panels (top left to right, bottom left to right), where
these points lie after n = 0, 1, 5, 10, 25, 50 iterations, respectively. The bottom panel shows
the relative number of points that are in the diagonally opposite square [0.8, 1]× [0.8, 1] after
n iterations. The theoretical limit is 0.04

decay of correlations and spectrum of the transition matrix is also a well-known fact
in the theory of Markov chains.

Consider, for example, the map f(x) = 2x (mod 1) of the interval [0, 1) (Ex-
ample 2.6) with the Lebesgue measure as invariant measure. If g and h belong to L2,
one can use their Fourier series {gp} and {hp}, defined by

g(x) =
∑

p∈Z
gpe

2πipx
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where

gp =
∫

1

0

e−2πipyg(y)dy . (5.30)

One gets

Ch,g(j) =
∑

p,q

hpgq

∫
1

0

e2πipxe2πiq2
j
xdx− h0g0 =

∑

q �=0

hq2jg−q . (5.31)

A first brutal estimate using the Schwarz inequality gives

∣∣Ch,g(j)
∣∣ ≤ ‖g‖2




∑

q �=0

∣∣hq2j

∣∣2



1/2

. (5.32)

It follows easily from h ∈ L2 using Parseval’s inequality that the last term tends
to zero when j tends to infinity. In other words, the map 2x (mod 1) is mixing when
the invariant measure is the Lebesgue measure. Note that it is crucial in the argument
above that the sum does not contain the term q = 0, this is exactly the rôle of the
subtraction of the last term in definition (5.26), see also (5.31).

To simplify the discussion, we view the observable as being defined on the circle:
h : [0, 1) → R is of the form h(ϕ) =

∑
n hne2πinϕ. Let H(e2πiϕ) ≡ h(ϕ). If

z 
→ H(z) extends to an analytic function in a neighborhood of |z| = 1, then the
Fourier coefficients hn decay exponentially fast in |n|. This is what we assume now.
In this case, for any g ∈ L2 we find a doubly exponential decay of the correlations.
See also Sect. 9.2.

Exercise 5.52. Prove the assertions made in the last two paragraphs, the first one
using formula (5.30), the second one using formula (5.32).

If we only have a power law bound on the decay of the Fourier coefficients of h,
we can conclude only that the correlations have only an exponential and not a doubly
exponential decay. To see this, note that the behavior of the Fourier coefficients is
related to the regularity properties of the function. For example, if h is only C1 (on
the circle), then for any p �= 0,

∣∣hp| ≤
1

2πp

∥∥∥∥
dh
dx

∥∥∥∥
2

.

Exercise 5.53. Prove this estimate using integration by parts in formula (5.30).

Using the estimate (5.32), we conclude that for any g ∈ L2 and any h ∈ C1 one
has ∣∣Ch,g(j)

∣∣ ≤ Γ‖g‖2‖h′‖22−j , (5.33)

with

Γ =
1
2π




∑

q �=0

1
q2




1/2

.



110 5 Invariant Measures

By comparing the cases of analytic h and h ∈ C1, we see that the bounds we have
obtained depend on the regularity properties of the function h. This is not an arti-
fact of our crude estimation method. To see that the decay indeed depends on the
regularity, we consider a particular example. For p �= 0, let

hp =
1
|p|α ,

for some fixed α ∈ (1/2, 1). Using Parseval’s inequality, it follows at once that the
function h whose Fourier series is {hp} belongs to L2. We take gp = 0 for all p
except that g1 = g−1 = 1. We get from (5.31)

Ch,g(n) = 2 · 2−nα .

We conclude by comparison with (5.33) that the function h does not belong to C1

(in fact h′ is not in L2) and its correlation decays indeed more slowly.

Exercise 5.54. Let u(x) = sin(2πx), and let f(x) = 2x (mod 1) on the interval
[0, 1]. Although for the Lebesgue measure this map is very chaotic, we now construct
observables in L2 with very slow decay of correlations. Notice that for any n > 0

∫
1

0

u(x) dx = 0 , and
∫

1

0

u(x)u
(
fn(x)

)
dx = 0 .

Let {αk} be the sparse sequence defined by

αk =

{
1
p , if k = 2p

0 , otherwise
.

Let
g(x) =

∑

k

αku ◦ fk .

Show that there is a constant C > 0 such that for infinitely many values of j we have

Cg,g(j) ≥
C

(log j)2
.

Show that the function g is continuous. This function belongs to the well-studied
family of examples of continuous nondifferentiable functions (see (Weierstrass 1886,
p. 97) and (Hardy 1917)).

Exercise 5.55. Use the same technique of Fourier series to discuss the decay of cor-
relations for the cat map of Example 2.10.

Exercise 5.56. Consider the map of the interval f(x) = 3x (mod 1) and the
Lebesgue measure. Compute the autocorrelation function for the observable g(x) =
χ[0,1/3]. Let h(x) = χ[0,1/2] − 1/2 and show that this function is an eigenvector of
the Perron–Frobenius operator. Compute its autocorrelation function. Compute the
limiting variance (5.25). See Fig. 5.9.
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The situation described above relating the rate of decay of correlations with some
kind of regularity properties of the observables is quite frequent in the theory of
dynamical systems. One looks for two Banach spaces B1 and B2 of functions on the
phase space and a function CB1,B2

(n) tending to zero when n tends to infinity such
that for any g ∈ B1, for any h ∈ B2 and for any integer n,

∣∣Cg,h(n)
∣∣ ≤ CB1,B2

(n) ‖g‖B1
‖h‖B2

. (5.34)

Note that it is not necessary for B1 and B2 to be contained in L2(dµ), they only need
to be in duality in some sense (see (Liverani 1995)).

As explained above, this kind of estimate may follow from adequate information
on the spectral theory of a Perron–Frobenius operator. We mention here without
proof the case of piecewise expanding maps of the interval (Example 2.15).

Theorem 5.57. Let f be a piecewise expanding map of the interval. The associated
Perron–Frobenius operator P maps the space BV of functions of bounded variation
into itself. In this space, the spectrum is composed of the eigenvalue 1 with finite
multiplicity, a finite number (maybe there are none) of other eigenvalues of modulus
1 with finite multiplicity, and the rest of the spectrum is contained in a disk centered
at the origin and of radius σ < 1. Any eigenvector of eigenvalue 1 is a linear com-
bination of a finite number of nonnegative eigenvectors. Their supports have disjoint
interiors, which are a finite union of intervals permuted by the map. The eigenvalues
on the unit circle different from 1 are rational multiples of 2π and therefore do not
occur in the spectrum of a sufficiently high power of P .

We refer to (Hofbauer and Keller 1982) for a proof of this theorem, and to (Collet
and Isola 1991; Baladi 2000) for more results and extensions.

We can now consider some iterate of f and choose one of the absolutely contin-
uous invariant measures with positive density h and support an interval [a, b] (recall
that a finite iterate of a piecewise expanding map of the interval is also a piecewise
expanding map of the interval).

In that case, in the space BV([a, b]) of functions of bounded variation with sup-
port equal to the support of h, the Perron–Frobenius operator P has 1 as a simple
eigenvalue (with eigenvector h), and the rest of the spectrum is contained in a disk
centered at the origin and of radius σ < 1. In particular, for any 1 > 
 > σ, there is
a constant Γ� > 0 such that for any g ∈ BV([a, b]) with

∫
b

a

g(x)h(x) dx = 0 ,

and any integer n, we have
∥∥Png‖BV([a,b]) ≤ Γ�


n
∥∥g‖BV([a,b]) .

This immediately implies that for any g1 ∈ BV([a, b]) and any g2 ∈ L1(dx), we
have
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∣∣Cg1,g2
(n)

∣∣ ≤ Γ�

n‖g1‖BV([a,b])‖g2‖L1 . (5.35)

In other words, we have the estimate (5.34) with B1 = BV([a, b]), B2 = L1, and
CB1,B2

(n) = Γ�

n.

Perron–Frobenius operators have also been used to prove the decay of corre-
lations for Gibbs states on subshifts of finite type (see (Bowen 1975) and (Ruelle
2004)), and for some nonuniformly hyperbolic dynamical systems (see (Young 1998)
and references therein). The relation between the rate of decay of correlations and
other quantities is not simple. We refer to (Collet and Eckmann 2004) for some re-
sults and examples.

Another important method is the method of coupling borrowed from probability
theory. We refer to (Barbour, Gerrard, and Reinert 2000) for the case of piecewise
expanding maps of the interval, (Bressaud, Fernández, and Galves 1999a;b) for the
case of chains with complete connections which generalize the case of Gibbs states
on subshifts of finite type, to (Bressaud and Liverani 2002), and to (Young 1999) for
nonuniformly hyperbolic dynamical systems.

Let f be a piecewise expanding map on the interval with an acim µ with a non-
vanishing density h. In this situation we can define a Markov chain X on the interval
by the following formula for its transition probability

p
(
y|x

)
=

h(y)
h(x)

δ
(
x− f(y)

)
=

1
h(x)

∑

z, f(z)=x

h(z)∣∣f ′(z)
∣∣δ(y − z) . (5.36)

Exercise 5.58. Show that the integral over y is equal to 1.

This transition probability is nothing but the kernel of the operator L defined in
(5.29). This is a rather irregular kernel, it only charges a finite number of points,
namely the points y such that f(y) = x. These are called the preimages of x under
the map f . Nevertheless, for piecewise expanding maps of the interval the following
result has been proven in (Barbour, Gerrard, and Reinert 2000).

To formulate the result, we first recall that if we have two measures ν on a space
X and µ on a space Y , a coupling between ν and µ is a measure on the product space
such that its marginals (projections onto X resp. Y ) are ν and µ respectively.

Theorem 5.59. For any piecewise expanding map on the interval with a mixing acim
µ with a nonvanishing density, there are three positive constants C, 
1 < 1 and

2 < 1, and for any pair of points x1 and x2 in the interval, there is a coupling
P x1,x2

between the two Markov chains
(
X1

n

)
and

(
X2

n

)
defined by the kernel (5.36)

starting in x1 and x2 respectively and such that for any n ∈ N

P x1,x2

(∣∣X1
n −X2

n

∣∣ > 
n
1

)
≤ C
n

2 .

Here, P denotes probability.
The statement in the original paper (Barbour, Gerrard, and Reinert 2000) is in

fact stronger but we will use only the above form.
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Note that the constants C, 
1 and 
2 do not depend on x1 and x2. Note also the
difference with the coupling for Markov chains on finite state space. Here, because
of the singularity of the kernel, the realizations of

(
X1

n

)
and

(
X2

n

)
will in general

not meet. However, they can approach each other fast enough. The condition that h
does not vanish is not restrictive. We have seen already that this is first connected
with ergodicity (see Theorem 5.57). Once ergodicity is ensured, the vanishing of h
can be discussed in detail. We refer to (Barbour, Gerrard, and Reinert 2000; Buzzi
1997) for the details.

We now apply Theorem 5.59 to prove the decay of correlations. Let g be a func-
tion of bounded variation. We have from the definition of the Markov chains

(
X1

n

)

and
(
X2

n

)
and from the definition of the coupling (here and below we define E to

denote the expectation):
(
Lng

)
(x1)−

(
Lng

)
(x2) = Ex1

(
g
(
X1

n

))
− Ex2

(
g
(
X2

n

))

= Ex1,x2

((
g
(
X1

n

))
−

(
g
(
X2

n

)))
,

where in the last expression, the expectation is with respect to any coupling between(
X1

n

)
and

(
X2

n

)
. We now use the coupling of Theorem 5.59 and assume that g is

a Lipschitz function with Lipschitz constant Lg . Then we get by applying Theorem
5.59, ∣∣∣Ex1,x2

(
g
(
X1

n

)
− g

(
X2

n

))∣∣∣

≤ Ex1,x2

(
χ∣∣X1

n
−X2

n

∣∣≤�n
1

∣∣∣g
(
X1

n

)
− g

(
X2

n

)∣∣∣
)

+Ex1,x2

(
χ∣∣X1

n
−X2

n

∣∣>�n
1

∣∣∣g
(
X1

n

)
− g

(
X2

n

)∣∣∣
)

≤ Lg

n
1 + 2 C Lg


n
2 .

We now consider a correlation Cu,v(n) between a Lipschitz function u and an inte-
grable function v. Using formula (5.28) and the invariance of µ, we conclude that

Cu,v(n) =
∫ ∫ (

Lnu
(
x1

)
v
(
x1

)
− Lnu

(
x1

)
v
(
x2

))
dµ

(
x1

)
dµ

(
x2

)
.

We can now use the above estimate to get

∣∣Cu,v(n)
∣∣ ≤

(
Lu


n
1 + 2 C Lu


n
2

) ∫
|v| dµ ,

which is the exponential decay of correlations as in (5.35).
We explain here very shortly the idea of coupling on the particularly simple case

of the map f(x) = 2x (mod 1). In that case, the transition probability is given by

p
(
y|x

)
=

1
2

∑

z , 2z=x (mod 1)

δ(y − z) = δ(2y − x) . (5.37)
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Let P be the partition of the interval [0, 1) given by P =
{
[0, 1/2), [1/2, 1)

}
. It is

easy to verify that, except for a countable number of points x, any of the 2n atoms of
the partition ∨n

j=1f
−jP contains one and only one preimage of order n of a point x

(the points y such that fn(y) = x).

Exercise 5.60. Use the coding with the full unilateral shift on two symbols to prove
this assertion (see Example 2.15).

In other words, for two points x and x′ we have a coupling at the topological
level of their preimages by putting together those preimages which are in the same
atom of ∨n

j=1f
−jP . We can now write the coupling on the trajectories of the Markov

chain. For any pair of points x and x′ in [0, 1), for any integer n, and for any pair of
n-tuples

(
y1, . . . , yn

)
and

(
y′1, . . . , y

′
n

)
of [0, 1)n we define

µx,x′
((
y1, . . . , yn

)
,
(
y′1, . . . , y

′
n

))

=
∑

I∈∨n
j=1f−jP

χI

(
yn

)
χI

(
y′n

) n∏

�=1

δ
(
2y� − y�−1

) n∏

�=1

δ
(
2y′� − y′�−1

)

where for convenience of notations we defined y0 = x and y′0 = x′.

Exercise 5.61. Show that the above formula defines a measure on
(
[0, 1)× [0, 1)

)N
(use Kolmogorov’s theorem, see, for example, (Gikhman and Skorokhod 1996)).
Show that except for a countable number of points x and x′ of the interval, this mea-
sure is a coupling between the two Markov chains with transition kernel (5.37) and
initial points x and x′. Show that this coupling satisfies the conclusions of Theorem
5.59.

The more general cases use basically the same ideas with the complication that
the transition probability is not constant. We refer to the above-mentioned references
for the details.

5.7 Physical Measures

As we have seen already earlier, dynamical systems have frequently several ergodic
invariant measures. It is therefore natural to ask if there is one of these measures
which in some sense is more important than the others. From a physical point of
view that we do not discuss here (see however Remark 5.12), the Lebesgue measure
of the phase space is singled out. However, if the dynamical system has a rather
small attractor, for example a set of Lebesgue measure zero as it often happens in
dissipative systems, this does not look very helpful. In such cases there is no invariant
measure which is absolutely continuous with respect to the Lebesgue measure.

The study of Axiom A systems by Sinai, Ruelle, and Bowen (SRB)—which we
introduce in Sect. 6.2—leads naturally to a generalization of the notion of ergodicity
which makes use of the Lebesgue measure on the whole phase space and which we
discuss now.
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Definition 5.62. Consider a dynamical system given by a map f on a phase space
Ω which is a compact Riemannian manifold. An ergodic invariant measure µ for a
map f is called a Physical measure if there is a subset V of Ω of positive Lebesgue
measure such that for any continuous function g on Ω and any initial point x ∈ V
we have

lim
n→∞

1
n

n−1∑

j=0

g
(
f j(x)

)
=

∫
g dµ .

Remark 5.63. The point of the definition is that the set of “good points” has positive
Lebesgue measure, even if the invariant measure is concentrated on a very small set
(and not absolutely continuous with respect to the Lebesgue measure).

For Axiom A systems it is known that Physical measures always exist. They have
some more properties and are particular cases of SRB measures (see Sect. 6.2).

Example 5.64. Let f have a stable fixed point at x0. The δ function at x0 is an in-
variant measure, and since a neighborhood of x0 is attracted to it, and has positive
Lebesgue measure, δx0

is a Physical measure. We will see later that even intrinsically
unstable systems can have Physical measures.

Example 5.65. Consider the map f : x 
→ 2x (mod 1). The fixed point at x0 = 0
is unstable. The δ function at x0 is an invariant measure. On the other hand, the
measure dx is invariant and ergodic. Since, by the ergodic theorem, one has for
any continuous function g and Lebesgue-almost every x convergence of the ergodic
average to

∫
g(x) dx, it is not possible that for a set of positive measure this limit

equals g(0) (except if
∫
g = g(0), which is not the case in general). Therefore, δx0

is not a Physical measure.

Example 5.66. In the preceding example, the Physical measure was absolutely con-
tinuous. In Fig. 4.5, the δ function at the hyperbolic fixed point P0 is a Physical
measure which is not absolutely continuous (even in the unstable direction). But the
flow is not Axiom A. See Example 4.54.

The idea behind the definition is that if the dynamical system has an attractor,
this set should be transversally attracting. An orbit will therefore rapidly approach
the attractor, and a continuous function will take almost the same value for a point on
the attractor and a point nearby. One would then be able to apply the ergodic theorem
for the ergodic measure µ (supported by the attractor) provided exceptional sets of
µ-measure zero would in some sense be projections of sets of Lebesgue measure
zero in the phase space. This requires an additional technical property (the so-called
absolute continuity of the projection along the stable manifolds). We refer to (Young
2002) for details and references.

We have already seen examples of Physical measures. The simplest case is of
course when the system has an invariant measure which is absolutely continuous
with respect to the Lebesgue measure. For the quadratic family of Example (2.18) it
is known that there is a unique Physical measure for all the parameters and a subset of
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positive measure of the parameter space (the interval [0, 2]) for which such a measure
is absolutely continuous. We refer to (Avila and Moreira 2005) for recent work and
references. Similarly, for the Hénon map of example (2.31) it has been shown that for
a set of positive Lebesgue measure of parameter values, Physical measures exist (see
(Benedicks and Carleson 1991; Benedicks and Young 1993)). We refer to (Eckmann
and Ruelle 1985a) for a general discussion.

Exercise 5.67. Show that the invariant measure of the dissipative baker’s map con-
structed in Exercise 3.26 is a Physical measure.

We mention that there are dynamical systems for which there is no Physical
measure. A simple example is given by the map of the cylinder Ω = S1 × R given
by T (ϑ, x) = (ϑ, x/2). The circle S1×{0} is invariant and globally attracting. Any
point is a fixed point and the ergodic invariant measures are the Dirac masses δ(ϑ,0).
Obviously none of them “attract” a set of positive 2-dimensional Lebesgue measure.
We refer to (Young 2002) for more information.

5.8 Lyapunov Exponents

An important application of the subadditive ergodic theorem (Theorem 5.43) is the
proof of the Oseledec theorem about Lyapunov exponents. We will see here the in-
terplay between ergodic theory and differentiable structure on the phase space and
the time evolution. We first explain the ideas in an informal way.

Complicated dynamical behavior is often called chaotic, but one would like to
have a more precise definition of this notion. Frequently, one observes in these sys-
tems that the trajectories depend in a very sensitive way on the initial conditions (see
Sect. 4.4.1). If one starts with two very nearby generic initial conditions, the dis-
tance between the orbits grows (at small distances) exponentially fast in time. A very
different behavior takes place for simple systems, such as for a harmonic oscillator
which is an integrable (nonchaotic) system. In that case, for two nearby initial condi-
tions with the same energy, the distance does not grow at all, and, even if the energies
are different, the distance only grows linearly in time. The phenomenon of growth
of small errors in the initial condition is called sensitive dependence on initial condi-
tions (see Sect. 4.4.1). The precise definition of this and similar notions varies in the
literature; for a possible set of definitions, see (Eckmann and Ruelle 1985a). In this
section, we discuss its strongest form, namely the positivity of Lyapunov exponents.
This phenomenon is illustrated in Fig. 5.11 for the Lorenz model (see (2.7)). We
show a plot of the x-component as a function of time for two “very” nearby initial
conditions. After staying together for a while, they suddenly separate macroscopi-
cally. Since it is so important and so common in chaotic systems, one would like to
have a quantitative measurement of the sensitive dependence on initial conditions.
Assume that the time evolution map f is differentiable (and the phase space Ω is a
differentiable manifold, we will assume Ω = Rd for simplicity). If we start with two
nearby initial conditions x and y = x + h with h small, we would like to estimate
the size of
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Fig. 5.11. Sensitive dependence with respect to initial condition in the Lorenz model. The plot
shows the x-coordinate as a function of time. The two orbits start with a separation of 0.01,
which reaches order 1 after about t = 8

fn
(
x + h

)
− fn

(
x
)
,

namely how the initially small error h evolves in time. As long as the error has not
grown too much, we can expect to have a reasonable answer from the first-order
Taylor formula, namely

fn
(
x + h

)
− fn

(
x
)

= Dxf
nh +O(h2) ,

where Dxf
n denotes the differential of the map fn at the point x. We recall that

from the chain rule one finds

Dxf
n = Dfn−1(x)f · · ·Dxf ,

where in general the matrices in this product do not commute. As this is a product of
n terms, this suggests that we look (test) for an exponential growth. In other words,
we take the logarithm, divide by n, and take the limit n→∞. Since the matrices do
not commute, the formulation of the Oseledec theorem for the general case will be
slightly more sophisticated. We will warm up with some examples.

First (easy) case: dimension 1, the phase space is an interval ([–1,1]), the dynam-
ics is given by a regular map f . One gets by Taylor’s formula

fn(x + h) = fn(x) + fn′(x)h +O(h2) .
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By the chain rule (fn = f ◦ f ◦ · · · ◦ f , n times), we have

fn′(x) =
n−1∏

j=0

f ′(f j(x)
)
.

As explained above, this naturally suggests an exponential growth in n, and to look
for the exponential growth rate per step (unit of time), namely

1
n

log
∣∣fn′(x)

∣∣ =
1
n

n−1∑

j=0

log |f ′(f j(x)
)∣∣ .

On the right-hand side appears a temporal average and we can apply Birkhoff’s er-
godic theorem (Theorem 5.38). Let µ be an ergodic invariant measure and assume
the modulus of log

∣∣f ′∣∣ is µ-integrable. Then, on a set of full µ-measure, we have
convergence of the temporal average, and moreover

lim
n→∞

1
n

log
∣∣fn′(x)

∣∣ =
∫

log
∣∣f ′(·)

∣∣dµ .

This limit is called the Lyapunov exponent of the transformation f for the measure µ.
Here one should stress again the importance of the initial condition. For many initial
conditions the limit does not exist. For many other initial conditions, the limit exists,
but takes another value. For example, the initial conditions typical of a different
ergodic measure.

Remark 5.68. Note that the Lyapunov exponent does not measure the separation of
close-by initial conditions, but really the rate of separation of infinitesimally close
initial points. Indeed, there cannot be any indefinitely long exponential separation of
the orbits of close-by points in a compact system, since the orbits can only separate
some finite amount.

Exercise 5.69. Consider the continuous skew map given by (2.4). Show that the
Lebesgue measure is f invariant and ergodic, and that its Lyapunov exponent is
equal to 1

3 log 3 + 2
3 log(3/2). Show that the transformation f has a fixed point

x = 3/5, that the Dirac measure in this point is also invariant and ergodic, and its
Lyapunov exponent is equal to log(3/2). Show that for any ergodic invariant mea-
sure the Lyapunov exponent belongs to the interval [log(3/2), log 3]. Show that there
is an uncountable set of invariant ergodic measures, all with different Lyapunov ex-
ponents (taking all the values between log (3/2) and log 3). Hint: use a conjugacy
(coding) to the unilateral shift on two symbols, and then consider the infinite product
Bernoulli measures.

We now consider the next level of difficulty: When the dimension of the phase
space is larger than 1. As a simple example we will use the dissipative baker’s map
f given in (2.6), whose attractor has been studied in Exercise 3.26.
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Example 5.70. We consider a variant of the dissipative baker’s map given by

f(x, y) =

{
(3x, y/4) , if 0 ≤ x < 1/3
(3x/2− 1/2, 1− y/3) , if 1/3 ≤ x ≤ 1

.

If we start from the initial point (x, y), with an initial error h, we have after n iteration
steps (using the chain rule) an error given (up to order O(h2) ) by

D(x,y)f
nh = Dfn−1(x,y)f ·Dfn−2(x,y)f · · ·D(x,y)fh .

To estimate D(x,y)f
n we take a product of matrices. In general matrices do not com-

mute (hence one should be careful with the order in the product). However, here they
do commute (and they are even diagonal). Therefore, to obtain the product matrix, it
is enough to take the product of the diagonal elements:

Dfn−1(x,y)f ·Dfn−2(x,y)f · · ·D(x,y)f =
(∏n−1

j=0 u
(
f j(x, y)

)
0

0
∏n−1

j=0 v
(
f j(x, y)

)
)

where
u(x, y) = 3χ[0,1/3](x) + (3/2)χ[1/3,1](x)

and
v(x, y) = (1/4)χ[0,1/3](x)− (1/3)χ[1/3,1](x) .

We can now take the logarithm of the absolute value of each diagonal entry of the
product and apply Birkhoff’s ergodic theorem as in the 1-dimensional case. Since
the functions u and v do not depend on y, the integral with respect to the Physical
measure reduces to the integration with respect to the 1-dimensional Lebesgue mea-
sure. Therefore, for Lebesgue-almost any (x, y) (2-dimensional Lebesgue measure,
recall the definition of Physical measure)

lim
n→∞

1
n

n−1∑

j=0

log
∣∣u
(
f j(x, y)

∣∣ = (1/3) log 3 + (2/3) log(3/2) = log
(
(27/4)1/3

)
.

Similarly

lim
n→∞

1
n

n−1∑

j=0

log
∣∣v
(
f j(x, y)

∣∣ = −(1/3) log 4− (2/3) log(3) = log
(
(36)−1/3

)
.

We conclude that

Dfn−1(x,y)fDfn−2(x,y)f · · ·D(x,y)f ≈
(

(27/4)n/3 0
0 (36)−n/3

)
,

and we can now interpret this result.
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If we take a vector h =
(
h1, h2

)
, with h1 �= 0, we see that the first component

of D(x,y)f
nh grows exponentially at the rate log

(
(27/4)1/3

)
, and this component

dominates the other one which decreases exponentially at the rate log
(
36−1/3

)
(<0).

In other words, almost any error grows exponentially fast with rate log
(
(27/4)1/3

)
.

This quantity is the maximal Lyapunov exponent. However, there is another Lya-
punov exponent log

(
36−1/3

)
(<0) which corresponds to special initial error vectors

satisfying h1 = 0. These errors do not grow but decay exponentially fast. This dis-
tinction is similar to the diagonalization of matrices but the interpretation is slightly
more involved. We have to distinguish two subspaces. The first is the entire space
E0 = R2. The second is the subspace of codimension one E1 =

{
(0, h2)

}
⊂ E0.

If h ∈ E0\E1, (and h �= 0) the initial error grows exponentially fast with rate
log

((
27/4

)
1/3

)
. If h is in E1 the initial error decays exponentially fast with rate

log
(
36−1/3

)
. This is somewhat analogous to the case of a hyperbolic fixed point

although here one considers general points, not necessarily periodic ones. This ends
Example 5.70.

We now come to the study of Lyapunov exponents in the general case of dy-
namical systems. We assume for simplicity that f is a diffeomorphism of Rn with
a compact attracting set. The result also holds on manifolds and even in infinite di-
mensions (under suitable hypotheses).

This general case combines the two preceding ideas (product of matrices and
ergodic theorem) together with a new fact: the subspaces E0, E1, . . . now depend
on the initial condition, and they vary from point to point. Moreover, the matrices
appearing in the product do not commute.

For the moment let us first consider the behavior of the norm and define

hn(x) = log
∥∥Dxf

n
∥∥ .

It is easy to verify that this sequence of functions satisfies the subadditive inequality
(5.21).

Exercise 5.71. Prove it.

Assume now that an ergodic invariant measure µ for f is given. Then we can apply
Theorem 5.43 (provided we can check the second assumption) and conclude that

lim
n→∞

1
n

log
∥∥Dxf

n
∥∥

exists µ-almost surely. If this quantity is positive, we know that some initially small
errors are amplified exponentially. If this quantity is negative or zero, we know that
initial errors cannot grow very rapidly.

More generally, if we have a fixed vector h, recall that
∥∥Dxf

nh
∥∥2 =

〈
h
∣∣ (Dxf

n
)
tDxf

nh
〉

where 〈·|·〉 denotes the scalar product in Rd and At is the transpose of the (real)
matrix A. This suggests to study the asymptotic exponential growth of the matrix
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(
Dxf

n
)
tDxf

n. The answer is provided by the following theorem due initially to
Oseledec, see also (Ruelle 1979; Johnson, Palmer, and Sell 1987):

Theorem 5.72. Let µ be an ergodic invariant measure for a diffeomorphism f of a
compact manifold Ω. Then for µ-almost every initial condition x, the sequence of
symmetric nonnegative matrices

((
Dxf

n
)
tDxf

n
)
1/2n

converges to a symmetric nonnegative matrix Λ (independent of x). Denote by λ0 >
λ1 > . . . > λk the strictly decreasing sequence of the logarithms of the eigenvalues
of the matrix Λ (some of them may have nontrivial multiplicity).

These numbers are called the Lyapunov exponents of the map f for the ergodic
invariant measure µ. For µ-almost every point x there is a decreasing sequence of
subspaces

Ω = E0(x) � E1(x) � · · · � Ek(x) � Ek+1(x) = {0} ,

satisfying (µ-almost surely)

DxfEj(x) = Ej

(
f(x)

)

and for any j ∈ {0, . . . , k} and any h ∈ Ej(x)\Ej+1(x) one has

lim
n→∞

1
n

log
∥∥Dxf

nh
∥∥ = λj .

We refer to (Barreira and Pesin 2001; 2002; Barreira 1997) for reviews on the Os-
eledec theorem.

Remark 5.73.

i) Note that the theorem says that
∥∥Dxf

nh
∥∥ ∼ enλj .

There may be large or small (subexponential) prefactors which can depend on h
and x.

ii) Positive Lyapunov exponents are obviously responsible for sensitive dependence
on initial conditions. Their corresponding “eigen” directions are tangent to the
attractor.

iii) Transversally to the attractor one gets contracting directions, namely negative
Lyapunov exponents.

iv) One of the astonishing facts about the theorem is that the noncommutativity of
the matrices does not really destroy the reasoning we gave in the commutative
case.

Exercise 5.74. Prove that if we conjugate the map f to a map f∗ by a diffeomor-
phism, and consider an image measure, then we get the same Lyapunov exponents.
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Fig. 5.12. Lyapunov exponent as a function of the parameter for the quadratic family fν(x) =
1 − νx2

If the map depends on a parameter, the Lyapunov exponents depend also in gen-
eral on the parameter (one has also to decide on an ergodic invariant measure for
each parameter). This is illustrated in Fig. 5.12, where the Lyapunov exponent of the
quadratic family of Example 2.18 is drawn as a function of the parameter ν for the
Physical measure.



6

Entropy

In Sect. 3.2 we already addressed the subject of fuzzy knowledge from a purely topo-
logical point of view. Here, we come back to this idea, but now, we also connect it
to the notion of invariant measure. That is, we account (in particular in the natural
case of the Physical measure) for how often (or how long) a trajectory stays in a par-
ticular region. One can ask how much information this gives us about the long-time
dynamics of the system and the variability of the set of orbits. The main difference
with the topological entropy is that we are not going to consider all trajectories but
only those “typical” for a given measure.

For the convenience of the reader, we repeat some issues from Sect. 3.1. Often
one does not have access to the points of phase space but only to some fuzzy approxi-
mation. For example, if one uses a real apparatus which always has a finite precision.
One can formalize this idea in several ways. We present two of them.

i) The phase space Ω is a metric space with metric d. For a given precision ε > 0,
two points at distance less than ε are not distinguishable.

ii) One gives a (measurable) partition P of the phase space, P =
{
A1, . . . , Ak

}
(k

finite or not) , Aj ∩A� = ∅ for j �= � and

Ω =
k⋃

j=1

Aj .

Two points in the same atom of the partition P are considered indistinguishable.
If there is a given measure µ on the phase space, it is often useful to use partitions
modulo sets of µ-measure zero.

We also recall from Sect. 3.1 that the notion of partition leads naturally to a

coding of the dynamical system. This is a map Φ from Ω to
{
1, . . . , k

}Z
+

given by

Φn(x) = � if fn(x) ∈ A� .

If the map is invertible, one can also use a bilateral coding. If S denotes the shift on
sequences, it is easy to verify that Φ ◦ f = S ◦ Φ. In general Φ(Ω) is a complicated
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subset of
{
1, . . . , k

}N ; i.e., it is difficult to say which codes are admissible. There
are however some examples of very nice codings like for Axiom A attractors (see
(Bowen 1975; Keane 1991) and (Ruelle 2004)), as we have seen in Sect. 4.5.

Let P and P ′ be two partitions, the partition P ∨ P ′ is defined as before by

P ∨ P ′ =
{
A ∩B | A ∈ P , B ∈ P ′} .

If P is a partition,
f−1P =

{
f−1(A)

}

is also a partition. Recall that (even in the noninvertible case) f−1(A) =
{
x | f(x) ∈

A
}

.
A partition P is said to be generating if (modulo sets of measure zero when a

particular measure has been chosen)

∞∨

n=0

f−nP = ε

with ε the partition into points. In this case the coding is injective (modulo sets of
measure zero).

Exercise 6.1. For the map of the interval 3x (mod 1), show that

P =
{
[0, 1/3), [1/3, 2/3), [2/3, 1)

}

is a generating partition (modulo sets of Lebesgue measure zero).

We have already seen the definition of topological entropy in Sect. 3.2, we dis-
cuss now the so-called Kolmogorov–Sinai entropy. Both measure how many different
orbits one can detect through a fuzzy observation.

What is new in this chapter is that we now allow for an invariant measure to
come into play; the reader might think of a Physical measure. When an ergodic in-
variant measure µ is considered, the disadvantage of the topological entropy is that
it measures the total number of (distinguishable) trajectories, including trajectories
which have an anomalously small probability to be chosen by µ. It even often hap-
pens that these trajectories are much more numerous than the ones favored by µ. The
Kolmogorov–Sinai entropy is then more adequate.

If P is a (measurable) partition, its entropy Hµ(P) with respect to the measure µ
is defined by

Hµ(P) = −
∑

A∈P
µ(A) log µ(A) .

This is Shannon’s formula, and in communication theory one often uses the loga-
rithm base 2 (see (Shannon 1948), reprinted in (Shannon 1993)). This quantity mea-
sures the average information obtained by observing a long stretch of the orbit of
a µ-randomly chosen initial point. More precisely, the longer one observes the se-
quence of atoms an orbit visits, the better one knows the initial point. The Shannon
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entropy quantifies the asymptotic average gain of this information about the initial
point.

The entropy of the dynamical system with respect to the partition P and the
(invariant, ergodic, probability) measure µ is defined by

Hµ(f,P) = lim
n→∞

1
n
Hµ(∨n−1

j=0 f
−jP) .

One can prove that the limit always exists. The interpretation is the average infor-
mation per unit time we get by specifying longer and longer pieces of code of a
trajectory. Indeed, a longer code gives a more precise information about the initial
condition (see Sect. 3.1).

Finally the Kolmogorov–Sinai entropy is defined by

hµ(f) = sup
P finite or countable

Hµ(f,P) .

If P is generating, and hµ(f) <∞, then

hµ(f) = Hµ(f,P) .

One has also the general inequality

hµ(f) ≤ htop(f) , (6.1)

and moreover
htop(f) = sup

µ : f ergodic
hµ(f) .

However, the maximum may not be reached. We refer to (Sinai 1976) or (Petersen
1983; Keane and Petersen 2006) for proofs and more results on the Kolmogorov
Sinai entropy.

An important application of the entropy is Ornstein’s isomorphism theorem for
Bernoulli shifts, we refer to (Ornstein 1974) for more information.

6.1 The Shannon–McMillan–Breiman Theorem

Another important application of the entropy is the Shannon–McMillan–Breiman
theorem which in a sense counts the number of typical orbits for the measure µ.

Theorem 6.2. Let P be a finite generating partition for a map f with an ergodic
invariant measure µ. For any ε > 0 there is an integer N(ε) such that for any
n > N(ε) one can separate the atoms of the partition Pn = ∨n−1

j=0 f
−jP into two

disjoint subsets
Pn = Bn ∪ Gn

such that

µ

( ⋃

A∈Bn

A

)
≤ ε
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and for any A ∈ Gn

e−n(hµ(f)+ε) ≤ µ(A) ≤ e−n(hµ(f)−ε) .

In other words, the atoms in Bn are in some sense the “bad” atoms (for the
measure µ), but their total mass is small. On the other hand, the good atoms (those
in Gn) all have almost the same measure, and of course their union gives almost the
total weight. An immediate consequence is that

cardGn ≈ en hµ(f) ,

where cardGn denotes the cardinality of the set Gn. This is similar to the well-known
formula of Boltzmann in statistical mechanics relating the entropy to the logarithm
of the (relevant) volume in phase space. Another obvious connection is given by the
equivalence of ensembles in statistical mechanics. We refer to (Krengel 1985) and
(Lanford 1973) for more information.

As mentioned before, it often happens that cardGn  cardBn.

Example 6.3. We illustrate these notions with a simple example, the Bernoulli shift
on two symbols. Let p ∈ (0, 1) with p �= 1/2. Consider the probability measure
µp on Ω = {0, 1}N of Exercise 5.21. This is equivalent to flipping a coin with
probability p to get head and probability q = 1− p to get tail. It is easy to prove that
the measure µp is invariant and ergodic for the shift S. We use the definition of a
distance d on Ω (and in fact a one-parameter family of distances) in (5.14). It is also
easy to prove that htop(S) = log 2.

Exercise 6.4. Prove this assertion.

The partition

P =
{{

x0 = 0
}
,
{
x0 = 1

}}

is generating. An atom of ∨n−1
j=0 S−jP , called a cylinder set in this context, is given

by specifying the first n symbols of the sequences. For the entropy one has hµp
(S) =

−p log p− q log q. Therefore, for large n we get (since p �= 1/2)

∣∣Gn

∣∣ ≈ en hµp
(S)  2n ≈

∣∣Bn

∣∣ .

One can use this classical example and ask for a more precise asymptotics of the set
of typical sequences among the sequences of zeros (tail) and ones (head) of length n.
To count them, we classify them according to the number m of ones (head). If m is
given, there are

(
n
m

)
sequences of length n with m ones and n−m zeros. Of course

2n =
n∑

m=0

(
n

m

)

but also
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1 =
n∑

m=0

(
n

m

)
pmqn−m .

Let us look more carefully at this well-known identity. If a sum of (n + 1)-positive
terms is equal to 1, there are two extreme cases: all the terms are equal (to 1/(n+1)),
or one is equal to 1 and the others are 0. For large n, the present case is more like
this second situation. Indeed, by Stirling’s formula

log
((

n

m

)
pmqn−m

)

≈ n log n−m logm− (n−m) log(n−m) + m log p + (n−m) log q ,

and this quantity is maximal when m equals m∗ = p n. It decreases very fast when
m deviates from m∗. For example, for

∣∣m−m∗
∣∣ > 2.6

√
pqn we have

∑

|m−m∗|>2.6
√

pqn

(
n

m

)
pmqn−m ≤ 0.01 .

Hence, there is an extremely small probability to observe a sequence with an m
differing from m∗ by more than 2.6

√
pqn. When m equals m∗, then log

(
pmqn−m

)

is asymptotically equal to e−nh with

h = −p log p− q log q ,

the entropy per flip. For m near m∗
(
n

m

)
pmqn−m ≈ 1

2π
√
pqn

e−(m−m∗)
2
/(2pqn) .

Note that p = 1/2 gives the maximal entropy which is equal to log 2. In this case
all possible sequences of outcome have the same probability. This measure is called
the measure of maximal entropy (its entropy is equal to the topological entropy and
this is the maximum as follows from inequality (6.1)). All the trajectories are equally
typical. This is why we assumed before p �= 1/2.

Let us summarize (for p �= 1/2). Out of the 2n possible outcomes, the observed
ones belong with overwhelming probability to a much smaller subset (m ! m∗).
In this subset, all sequences have about the same probability pm∗qn−m∗ ≈ e−nh.
Since the set of these sequences has almost full measure, their number must satisfy
Np(n) ≈ enh. For the Kolmogorov–Sinai entropy of the independent coin flipping
this leads to

lim
n→∞

1
n

logNp(n) = h = −p log p− q log q .

and
Np(n) ≈ enh  2n

for p �= 1/2. Said differently, one can separate the possible outcomes of length n in
two categories: the good ones and the bad ones. This discrimination depends heavily
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on the measure. All bad outcomes together form a set of small measure (not only
each one separately). The good outcomes have all about the same probability e−nh

and together account for almost all the weight (one). Their number is about enh. This
ends the discussion of Example 6.3.

Another way to formulate the Shannon–McMillan–Breiman theorem is to look at
the measure of cylinder sets. For a point x ∈ Ω, letCn(x) be the atom of∨n−1

j=0 f
−jP,

which contains x. In other words, Cn(x) is the set of y ∈ Ω such that for 0 ≤
j ≤ n − 1, f j(x) and f j(y) belong to the same atom of P (the trajectories are
indistinguishable up to time n − 1 from the fuzzy observation defined by P , they
have the same code). Then for µ-almost every x we have

hµ(f) = − lim
n→∞

1
n

logµ
(
Cn(x)

)
.

A similar result holds using a metric instead of a partition. It is due to Brin and
Katok, and uses the so-called Bowen balls defined for x ∈ Ω, the transformation f ,
δ > 0 and an integer n by

B(x, f, δ, n) =
{
y | d

(
f j(x), f j(y)

)
< δ for j = 0, . . . , n− 1

}
.

These are again the initial conditions leading to trajectories indistinguishable (at pre-
cision δ) from that of x up to time n− 1.

Theorem 6.5. If µ is f ergodic, then for µ-almost any initial condition

hµ(f) = lim
δ↘0

lim inf
n→∞

− 1
n

logµ
(
B(x, f, δ, n)

)
.

We refer to (Brin and Katok 1983) for proofs and related results.
Another way to get the entropy was obtained by Katok (Katok 1980) in the case

of a phase space Ω with a metric d and a continuous transformation f . The formula
is analogous to the formula for the topological entropy except that it refers only to
typical orbits for a measure. Let A be a set, we denote by Nn(A, ε) the maximal
number of ε-different orbits before time n with initial condition in A. Recall that
two orbits of initial condition x and y respectively are ε-different before time n if

sup
0≤k≤n

d
(
fk(x), fk(y)

)
> ε .

Note that the orbits are not required to stay in A but only to start in A. Let µ be an
ergodic invariant probability measure for f . We define for δ ∈ (0, 1) the sequence of
numbers Ñn(µ, δ, ε) by

Ñn(µ, δ, ε) = inf
A, µ(A)≥1−δ

Nn(A, ε) .

In this definition, the trajectories that are “not seen” by the measure µ are discarded
by taking the infimum. Note that there might be many more trajectories that are
discarded than trajectories which are kept.



6.1 The Shannon–McMillan–Breiman Theorem 129

Theorem 6.6. For any δ > 0 we have

h
(
µ
)

= lim
ε→0

lim sup
n→∞

log Ñn(µ, δ, ε)
n

= lim
ε→0

lim inf
n→∞

log Ñn(µ, δ, ε)
n

.

We refer to (Katok 1980) for the proof. We refer to (Keane 1991; Katok and Has-
selblatt 1995; Cornfeld, Fomin, and Sinaı̆ 1982), and references therein for more
results.

A way to measure the entropy in coded systems was discovered by Ornstein
and Weiss using return times to the first cylinder. The result was motivated by the
investigation of the asymptotic optimality of Ziv’s compression algorithms which
have very popular implementations (gzip, zip, etc.)

In more technical terms, let q be a finite integer, and assume the phase space
of the dynamical system is a shift invariant subset of {1, . . . , q}N . As before, we
denote the shift by S. Let µ be an ergodic invariant measure. Let n be an integer and
for x ∈ Ω, define Rn(x) as the smallest integer such that the first n symbols of x
and of SRn(x)(x) are identical.

Theorem 6.7. For µ-almost every x we have

lim
n→∞

1
n

logRn(x) = hµ(S) .

We refer to (Ornstein and Weiss 1993) for the proof.
A metric version was recently obtained by Downarowicz and Weiss, using again

Bowen balls, in the context of dynamical systems with a metric phase space. Define
for a number δ > 0, an integer n, and a point x ∈ Ω the integer

R(x, f, δ, n) = inf
{
� > 0 | f �(x) ∈ B(x, f, δ, n)

}
.

In other words,

R(x, f, δ, n) = inf
{
� > 0 | d

(
f �+j(x), f j(x)

)
< δ for j = 0, . . . , n− 1

}
.

Namely, starting at position R(x, f, δ, n), the orbit imitates its first chunk of length
n with precision δ.

Theorem 6.8. For µ-almost every x, we have

lim
δ↘0

lim sup
n→∞

1
n

logR(x, f, δ, n) = hµ(f) .

We refer to (Downarowicz and Weiss 2004) for the proof and related results.
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6.2 Sinai–Bowen–Ruelle Measures

It is natural to ask if there is a connection between entropy and Lyapunov exponents.
The first relation is an inequality due to Ruelle.

Theorem 6.9. Let µ be an ergodic invariant measure. The entropy of µ is less than
or equal to the sum of the positive Lyapunov exponents of µ.

We give only a rough idea of the proof. Take a ball B of radius ε (small) such that
µ(B) > 0. Iterate k times (k not too large such that fk(B) is still small). One gets
an ellipsoid fk(B), and we cover it with balls of the same radius ε. To cover fk(B)
by balls of radius ε, we need at most N = ekΘ balls, where Θ is the sum of the
positive exponents. Indeed, in the direction of exponent j with λj > 0, we stretched

from a size ε to a size ekλjε, and we need now ekλj balls of radius ε to cover “in this
direction.”

We now interpret the construction. Let b1, . . . , bN be the balls of radius ε used
to cover fk(B). If two initial conditions in B manage to ε-separate before time k,
they will land in two different balls bj and bl (forget re-encounters). If they do not
separate, they will land in the same ball bk. Therefore

Nn(ε,A) ≤ ekΘNε(A) ,

where Nε(A) is the smallest number of balls of radius ε needed to cover A (recall A
is precompact), and using the result of Katok, Theorem 6.6, we get

h(µ) ≤ lim
k→∞

logN
k
≤ Θ =

∑

λi(µ)>0

λi(µ) .

One would like to know when equality holds. To explain the answer to this ques-
tion, we first need some definitions.

Consider a negative Lyapunov exponent for an ergodic invariant measure µ and
let x be a typical point for this measure. Then from Oseledec’s theorem we know
that at the linear level, there are directions at x which are contracted exponentially
fast. One may ask if such a fact also holds for the complete dynamics and not just
for its linearization. This is the concept of local invariant manifolds with exponents
introduced in Sect. 4.2.

We repeat here Definition 4.27.

Definition 6.10. An (open) submanifold W of the phase space Ω is called a local
stable manifold with exponent γ > 0 if there is a constant C > 0 such that for any x
and y inW and any integer n we have

d
(
fn(x), fn(y)

)
≤ Ce−γn .

Note that it follows immediately from the definition that if W is a local sta-
ble manifold with exponent γ, then for any integer p, fp(W) is also a local stable
manifold with exponent γ. When f is invertible, one can define the local unstable
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manifolds as the local stable manifolds of the inverse. We refer to (Hirsch, Pugh, and
Shub 1977) for the general case and more details. A local stable manifold containing
a point x is called a local stable manifold of x.

Given a measure µ, we can consider stable manifolds except on sets of measure
zero. The idea being that the size of the local stable manifold depends on the point x
(for example, on the distance of x to the boundary of the manifold). The nice picture
is when points without local stable manifolds (interpreted as local stable manifolds
of width zero) are of measure zero, and when there is some coherence among the
local stable manifolds through the dynamics. This leads naturally to the following
definitions.

Definition 6.11. Given a map f with an invariant measure µ, a coherent field of
local stable manifolds for f with exponent γ > 0 is a collection

(
W(x)

)
x∈A of local

stable manifolds for f with exponent γ indexed by a subset A of full measure and
such that

i) For any x in A , x ∈ W(x).
ii) For any x in A , f

(
W(x)

)
⊂ W

(
f(x)

)
.

Definition 6.12. Given an invertible map f with an invariant measure µ, a coher-
ent field of local unstable manifolds for f with exponent γ > 0 is a collection(
W(x)

)
x∈A of local unstable manifolds for f with exponent γ indexed by a sub-

set A of full measure and such that

i) For any x in A , x ∈ W(x).
ii) For any x in A , f−1

(
W(x)

)
⊂ W

(
f−1(x)

)
.

These definitions generalize the notions of local stable/unstable manifolds for
uniformly hyperbolic systems introduced in Sect. 4.1.1.

We now state an “integrated version” of the Oseledec theorem 5.72.

Theorem 6.13. Let µ be an ergodic invariant measure for a diffeomorphism f of a
compact manifold Ω. Let λ1 > . . . > λk > 0, be the collection of positive Lyapunov
exponents, and Ω = E1 � E1 � · · · � Ek the sequence of associated linear bundles
in the Oseledec theorem. Then there is a set B of full measure such that for any ε
satisfying

0 < ε < inf
1≤j≤k−1

(
λj − λj+1

)
,

and for each x ∈ B, there exist k nested submanifolds

Wk(x) �Wk−1(x) � · · · �W1(x) ,

where for any j (1 ≤ j ≤ k),Wj(x) is a local unstable manifold for f with exponent
λj − ε.

A similar result holds for the negative exponents.
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We refer to (Pesin 1976) and (Ruelle 1979) for the proof and extensions. One
of the big differences with the case of uniformly hyperbolic systems like Axiom A
systems (see Sect. 4.1.1) is that there is, in general, no uniform lower bound on the
size of the local stable or unstable manifolds.

We now state the definition of SRB measures.

Definition 6.14. Let the phase space Ω of a dynamical system be a compact Rie-
mannian manifold. Let the map f be a C2 diffeomorphism. An ergodic invariant
measure µ is said to be an SRB measure if it has a positive Lyapunov exponent and
the conditional measures on the local unstable manifolds are absolutely continuous.

In other words, one can disintegrate µ as follows, where g is any continuous
function ∫

g(x)dµ(x) =
∫

Wu

dµW(w)
∫

w

g(y)
w(y)dwy (6.2)

where Wu is the set of local unstable manifolds, dwy is the Lebesgue measure on
the local unstable manifold w, 
w(y) is a nonnegative density supported by w, and
µW is called the transverse measure.

Remark 6.15. The set of local unstable manifolds is not uniquely defined. Indeed, a
piece of local unstable manifold is also a local unstable manifold.

Example 6.16. The δ function on a stable fixed point of a map can also be considered
an SRB measure. The condition on the unstable manifolds is redundant in this case.

We can now state an important theorem due initially to Pesin and generalized by
Ruelle which complements the inequality in Theorem 6.9.

Theorem 6.17. Let the phase space Ω of a dynamical system be a compact Rie-
mannian manifold. Let the map f be a C2 diffeomorphism. Let µ be an ergodic
invariant measure. Then µ is an SRB measure if and only if the entropy of µ is equal
to the sum of its positive Lyapunov exponents.

In particular, in dimension 1, an ergodic invariant measure is absolutely contin-
uous if and only if it has a positive Lyapunov exponent and its entropy is equal to
this exponent. In Axiom A systems, Physical and SRB measures are the same. They
have further properties connected with stochastic perturbations that we discuss in
Sect. 8.5. We mention that there are dynamical systems which do not possess SRB
measures. We refer to (Young 2002) for more information.

6.3 Dimensions

Because of the sensitive dependence on initial conditions and the compactness of
the attractors, invariant sets have often a complicated (fractal) structure. One way
to capture (measure) this property is to determine their dimension. Many definitions
for the dimension of a set exist. Two among them are most often used in dynamical
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system theory: the Hausdorff dimension and the box counting dimension (also called
capacity). They are not equivalent, the Hausdorff dimension is more satisfactory
from a theoretical point of view, the box counting dimension (or box dimension) is
easier to compute numerically.

The Hausdorff dimension of a set A is defined as follows. Let Br(x) denote the
ball of radius r centered at x. For d > 0 and ε > 0, we define

Hd(ε,A) = inf
A⊂∪jBrj

(xj) , supj rj≤ε

∑

j

rd
j . (6.3)

The infimum is taken over all coverings of A by sequences of balls Brj

(
xj

)
of radius

rj ≤ ε (the radii can depend on j):

A ⊂
⋃

j

Brj

(
xj

)
.

Note thatHd(ε,A) is a nonincreasing function of ε, which may diverge when ε tends
to zero. Moreover, if the limit when ε ↘ 0 is finite for some d, it is equal to zero
for any larger d. This limit is nonincreasing in d. Moreover, if it is finite and nonzero
for some d, it is infinite for any smaller d. The Hausdorff dimension of A, denoted
below by dH(A), is defined as the infimum of the positive numbers d such that the
limit vanishes (for this special d the limit may be zero, infinite, finite or does not
exist), namely

dH(A) = inf
{
d
∣∣ lim

ε↘0
Hd(ε,A) = 0

}
. (6.4)

This is also the supremum of the set of positive numbers d such that the limit is
infinite.

The box counting dimension of a subset A of Rn is defined as follows. For a
positive number r, let NA(r) be the smallest number of balls of radius r needed to
cover A. If for (all) small r we have NA(r) ≈ r−d, we say that the box dimension A
is d, and we denote it by dBox(A).

Exercise 6.18. Show that for any (bounded) set A, dH(A) ≤ dBox(A) (there are sets
for which the inequality is strict).

Exercise 6.19. Show that for an interval A (a square, a disk, a cube, etc.), dH(A) =
dBox(A) = 1 (respectively 2, 2, 3, etc.). Show that for the triadic Cantor set, see
Fig. 5.5, one has dH(K) = dBox(K) = log 2/ log 3.

We refer to (Kahane 1985; Falconer 1986) and (Mattila 1995) for other defini-
tions of dimensions and the main properties.

A difficulty is that in general one does not have access to the whole attractor. As
explained at the beginning of this chapter, frequently, one knows only one trajectory
which is not necessarily uniformly spread over all the attractor, even though it may
be dense. One can however assume that this trajectory is typical for a certain measure
µ (for example, an SRB measure), and this leads to the definition of the dimension
of a probability measure.
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Definition 6.20. The dimension of a probability measure is the infimum of the di-
mensions of the (measurable) sets of measure 1.

Remark 6.21. In practice one should, of course, say which dimension is used (Haus-
dorff, box counting, and so on). Note also that the infimum may not be attained. If a
measure is supported by an attractor, its dimension is of course at most the dimension
of the attractor (the dimension of a measure is at most the dimension of its support).
This inequality may be strict.

The dimension of a measure is related to the behavior of the measure of small
balls as a function of the diameter. We start by a somewhat informal argument. Let
µ be a measure, and let dBox(µ) be its box counting dimension. This roughly means
that we need about NA(r) ≈ r−dBox(µ) balls of radius r to cover (optimally) the
“smallest” set A of full measure. Let B1, B2, . . . , BNA(r) be these balls. To have as
few balls as possible, they should be almost disjoint, and to simplify the argument,
we will indeed assume that they are disjoint. Since the set A is of full measure, we
find

1 = µ(A) = µ




NA(r)⋃

j=1

Bj



 =
NA(r)∑

j=1

µ
(
Bj

)
.

In the simplest, homogeneous, case, all the balls have the same measure, and we get
for 1 ≤ j ≤ NA(r),

µ
(
Bj

)
=

1
NA(r)

≈ rdBox(µ) .

A rigorous version of this argument leads to a lower bound for the Hausdorff dimen-
sion.

Lemma 6.22 (Frostman Lemma). Assume that there are two constants C > 0 and
δ > 0 such that a probability measure µ with compact support on Rn satisfies for
any x ∈ Rn and any r > 0 the inequality

µ (Br(x)) ≤ Crδ .

Then
dH(µ) ≥ δ .

Proof. Let A be a set of measure one, and let Brj

(
xj

)
be any sequence of balls

covering A. Since
A ⊂

⋃

j

Brj

(
xj

)
,

we have (since the balls are not necessarily disjoint)

1 = µ(A) ≤
∑

j

µ
(
Brj

(
xj

))
.

Therefore, from the assumption of the lemma, we conclude that
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1 ≤ C
∑

j

rδ
j .

In other words, for any ε > 0 and any set A of full measure we have

Hδ(ε,A) ≥ 1
C

.

The claim follows immediately from the definition (6.4) of the Hausdorff dimension.
��

We refer to (Kahane 1985) for more on the Frostman lemma, and in particular its
converse.

We will need the following corollary of the Frostman lemma.

Corollary 6.23. Let µ be a probability measure on a metric space Ω and assume
that for some constant d > 0 we have almost surely

lim inf
r→0

logµ
(
Br(x)

)

log r
≥ d .

Then dH(µ) ≥ d.

In the opposite direction, one has a similar result: If, µ-almost surely,

lim sup
r→0

log µ
(
Br(x)

)

log r
≤ d ,

then dH(µ) ≤ d, (see (Young 1982)).

Proof (of Corollary 6.23). From the definition of the lim inf it follows that for any
ε > 0 there is a (measurable) set Fε with µ(Fε) ≥ 1/2 and a number r(ε) > 0 such
that for any x ∈ Fε and any r ∈ (0, r(ε)) we have

µ
(
Br(x)

)
≤ rd−ε .

Let Aε be a measurable set such that µ
(
Aε) = 1 and dH(µ)+ε ≥ dH

(
Aε

)
≥ dH(µ).

The existence of such a set follows directly from the definition (6.20) of dH(µ).
Consider now the probability measure µ̃ defined by

µ̃(B) =
µ
(
Aε ∩ Fε ∩B

)

µ
(
Aε ∩ Fε

) .

For any x ∈ Aε ∩ Fε, and any r ∈ (0, r(ε)) we have

µ̃
(
Br(x)

)
≤

µ
(
Br(x)

)

µ
(
Aε ∩ Fε

) ≤ 2 rd−ε ,
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since x ∈ Fε and µ
(
Aε∩Fε

)
≥ 1/2. For some x /∈ Aε∩Fε and some r ∈ (0, r(ε)/2)

we might have µ
(
Br(x)∩Aε∩Fε

)
> 0. In that case, there exists x′ ∈ Aε∩Fε such

that Br(x) ⊂ B2r(x
′). We conclude that for any r ∈ (0, r(ε)/2) and any x we have

µ̃
(
Br(x)

)
≤ 21+d rd−ε .

We then apply the Frostman Lemma 6.22 to conclude that dH(µ̃) ≥ d − ε. Since
µ̃
(
Aε

)
= 1 we conclude from the definition of the Hausdorff dimension of a measure

that dH

(
Aε

)
≥ d− ε. This implies from dH

(
Aε

)
≤ dH(µ) + ε the inequality

dH(µ) + ε ≥ d− ε .

Since this inequality holds for any ε > 0 the corollary is proved. ��

Exercise 6.24. Let µ be a probability measure on a compact manifold Ω, and let f
be a diffeomorphism of Ω. Let dsup(x) be defined by

dsup(x) = lim sup
r→0

log µ
(
Br(x))

log r
.

Show that this quantity is constant along the orbit of x under f . Hint: show that for
some constant 1 > α > 0, for any r small enough and for any x ∈ Ω,

Bαr

(
f(x)

)
⊂ f

(
Br(x)

)
⊂ Bα−1r

(
f(x)

)

Show that if µ is ergodic, the quantity dsup is almost surely constant. Show the same
result for the lim inf . Show that the subset of Ω where the limit exists is of measure
0 or 1.

Remark 6.25. One can construct examples where the limit in the above exercise ex-
ists only on a set of measure zero, see (Ledrappier and Misiurewicz 1985).

It is natural to ask if there are relations between the dimension of a measure
and the other quantities like entropy and Lyapunov exponents. In dimension 2,
L.-S. Young (Young 1982) found an important relation, which was conjectured ear-
lier in (Kaplan and Yorke 1979).

Theorem 6.26. For a regular (C∞) invertible map of a compact manifold and an
ergodic invariant probability measure µ with two exponents satisfying λ1 > 0 > λ2

we have

dH(µ) = h(µ)

(
1
λ1

+
1∣∣λ2

∣∣

)
.

In the case of an SRB measure, we have under the hypothesis of the above theorem
and using Theorem 6.17, h(µ) = λ1, hence

dH(µ) = 1 +
λ1∣∣λ2

∣∣ .
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In the particular case of the Hénon map (see Example 2.31), λ1 + λ2 = log b and
hence for an SRB measure

dH(µ) = 1 +
λ1∣∣ log b− λ1

∣∣ .

We refer to (Young 1982) for a proof of the theorem, but we now give an intuitive
argument for this result. It may be useful to look at Fig. 6.1. From the Katok re-
sult Theorem 6.6, we should count the maximal number of trajectories which are
ε-separated over a time interval of length k. For that purpose, we will make the
counting at an intermediate time 0 < k1 < k (k1 optimally chosen later). At time
k1, we cover a set of positive measure by balls of radius ε′  ε (ε′ will be optimally
chosen below). From k1 to k the balls of radius ε′ are stretched. Therefore,

ε = ε′ek2λ1 ,

where k2 = k − k1 (one looks at the worst case: separation takes place at the last
time k). From k1 to 0, the balls of radius ε′ are stretched by the inverse map, hence

ε = ε′e−k1λ2 .

Therefore,
ε = ε′e−k1λ2 = ε′ek2λ1 ,

0 k1 k
t

y

x

Fig. 6.1. An illustration of how an ellipse deforms from time 0 to time k. At time k1 it is a
circle. The y-axis is squeezed and the x-axis is stretched as time advances (from left to right)
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which implies k1 = kλ1/
(
λ1−λ2

)
, from which we derive ε′. However, the number

of trajectories we are looking for is the minimal number of balls of radius ε′ neces-
sary to make a set of (almost) full measure. Since the balls have measure ε′dBox(µ),
we need ε′−dBox(µ) of them. The maximum number of pairwise ε-separated trajecto-
ries is therefore

ε′−dBox(µ) = ε−dBox(µ)edBox(µ)k2λ1 ≈ ekh(µ) ,

and therefore

h(µ) =
dBox(µ) k2 λ1

k
=

dBox(µ) λ1

∣∣λ2

∣∣
λ1 +

∣∣λ2

∣∣ .

Another relation between dimension and Lyapunov exponents is the so-called
Kaplan–Yorke formula (Kaplan and Yorke 1979). Let λ1 ≥ λ2 ≥ . . . ≥ λd be the
decreasing sequence of Lyapunov exponents with multiplicity (in other words the
number of terms is equal to the dimension). Let

k = max
{
i
∣∣λ1 + · · ·+ λi ≥ 0

}
.

Kaplan and Yorke defined the Lyapunov dimension by

dL(µ) = k +

∣∣λk+1

∣∣
λ1 + · · ·+ λk

.

They conjectured that dL(µ) = dH(µ) (the Kaplan–Yorke formula) but counterexam-
ples were discovered later. Note however that under the hypothesis of Theorem 6.26
the equality holds. In the general case, Ledrappier proved the following inequality.

Theorem 6.27. For any ergodic invariant measure µ we have dH(µ) ≤ dL(µ).

We now give a rough idea for the “proof” of the Kaplan–Yorke formula. Take
a ball B of radius ε (small) in the attractor. Its measure is about ≈εdBox(µ). If one
iterates this ball k times, (ε small, k not too large), one obtains an ellipsoid E =
fk(B), elongated in the unstable directions, contracted in the stable directions. We
now cover this ellipsoid E by balls of radius

ε′ = ekλjε

with j chosen (optimally) later on but such that λj < 0. A ball of radius ε′ has

measure ε′dBox(µ), and since the measure µ is invariant, we get

εdBox(µ) = µ
(
B
)

= µ
(
E
)

= N ε′dBox(µ)

where N is the number of balls of radius ε′ necessary to cover the ellipsoid E =
fk(B). We now evaluate N as in the proof of Theorem 6.9. In the direction of the
exponent λ1, the original ball is stretched (λ1 > 0), and its size becomes ε exp(λ1k).
We need therefore

εeλ1k

ε′
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balls to cover E in that direction. The same argument holds in any direction with � <
j (with multiplicities), even if λ� < 0. In the direction of λj one needs only one ball,
which also covers in all directions (� > j) since they are contracted. Summarizing,
since

N ≈
j∏

�=1

εeλ�k

ε′

and using εdBox(µ) = Nε′dBox(µ) = NεdBox(µ)ekλjdBox(µ), we obtain

εdBox(µ)−j = ε′dBox(µ)−jekSj−1 = εdBox(µ)−jekλj(dBox(µ)−j)ekSj−1

with Sp = λ1 + · · ·+ λp. This must be true for any integer k, hence

Sj−1 + λj(dBox(µ)− j) = 0 .

It seems that there is only one equation for two unknowns j and dBox(µ). Never-
theless there is only one solution! To see this, it is convenient to plot the piecewise
linear interpolation of Sp as a function of p. Between p = k and p = k+1 the linear
interpolation is Sk + λk+1(x− k). Therefore, dL is the unique zero of this function
(see Fig. 6.2).

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
−14

−12

−10

−8

−6

−4

−2

0

2

4

p

Sp

Fig. 6.2. Piecewise linear interpolation of the numbers Sp as a function of p

There are extensions of these ideas to physics, for example, for the Navier–Stokes
equations. For example, it is shown in (Constantin, Foias, and Temam 1988) that for
the Navier–Stokes equation in two dimensions, with periodic boundary conditions,
one has the bound,
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dH ≤ O
(
G2/3(logG)1/3

)
,

where G is the (generalized) Grashof number, defined by

G = |f |l2/ν2 ,

where f is the body force, l the side of the periodic box, and ν the viscosity. Such
bounds are obtained by bounding the lowest nontrivial eigenvalue of the Laplacian
in the domain in question; see e.g. (Eckmann and Ruelle 1985b).
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Statistics and Statistical Mechanics

This chapter is somewhat more technical than the earlier ones. Its aim is to discuss
some more recent results in dynamical systems which refine our knowledge of statis-
tical properties. These results follow from a combination of methods from statistics
and statistical mechanics.

One of the difficulties one encounters in experimental contexts is that one has
basically only one orbit of the dynamical system at one’s disposal, namely the one
which is being measured (see Chap. 9). Therefore, one of the important questions in
dynamical systems is whether single sample paths have any chance of being typical.
We will illustrate this question in Sect. 7.1 where we describe various, successively
more refined statements about the convergence to the central limit.

7.1 The Central Limit Theorem

Here, we consider a map f , and an observable g (of zero mean). As in (5.22), we
define the sum

Sn(g)(x) =
n−1∑

j=0

g
(
f j(x)

)
,

and as in (5.25) we define the standard deviation σg by

σ2
g = Cg,g(0) + 2

∞∑

j=1

Cg,g(j) ,

where

Cg,g(j) =
∫

g(x) g
(
f j(x)

)
dµ(x) ,

and µ is an invariant measure. We will assume throughout that∞ > σg > 0.
The successive terms in the sum defining Sn are not independent, since they are

all determined uniquely by the initial point x, because we consider a deterministic
system. But, when that system is “chaotic,” the terms in the sum should still behave
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like independent random variables, because somehow enough decay of correlations
makes them almost independent. We will see that the more we integrate over the
initial point x, the easier it is to get good results.

We therefore ask to which extent the sum Sn converges to its mean like a sum
of independent random variables with standard deviation σg . More precisely, we say
that the central limit theorem holds for g if

lim
n→∞

µ

({
x

∣∣∣∣
Sn(g)(x)
σg

√
n
≤ t

})
=

1√
2π

∫
t

−∞
e−u

2
/2du . (7.1)

We emphasize that this kind of result has been established only for certain classes of
dynamical systems and observables. We refer to (Denker 1989) and (Luzzatto 2005)
for reviews and (Young 1999) for recent results.

The central limit theorem is numerically illustrated in Figs. 7.1 & 7.2 for the
map 3x (mod 1) of the interval and with the observable g being the characteristic
function of the interval [0, 1/2].
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n=1000
n= 

t

P
(ξ

<
t)

∞

Fig. 7.1. Numerical illustration of the central limit theorem Eq. (7.1) for the map f : x �→ 3x
(mod 1). The observable g is g = χ[0,1/2]−1/2. For 1000 initial points xi, i = 1, . . . , 1000,
we computed ξi = S3000(g)(xi)/

√
3000. The vertical axis shows the normalized number of

ξi ≤ t. The theoretical curve is y(x) = 1

σ
√

2π

∫ x

−∞ du e−u2/(2σ2) , with σ = 1/
√

2 (see
Exercise 5.56)
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Fig. 7.2. Numerical illustration of the central limit theorem with the same parameters as in
Fig. 7.1. The histogram shows the distribution of the ξi, normalized by the theoretical variance
(which is

√
1/2 in this case)

Two methods were mostly used up to now for proving (7.1). One is based on a
result of Gordin (see (Gordin 1969; 1993)), which reduces the problem to the known
central limit theorem for martingales. The other method can be used when a Perron–
Frobenius operator with adequate spectral properties is available. We illustrate the
second idea for the case of piecewise expanding maps of the interval (see Exam-
ple 2.15 for the definition and Theorem 5.57 for the spectral result). Let g be a real
function on the unit interval with bounded variation and zero average with respect
to an ergodic and mixing acim with density h. According to a theorem of Paul Lévy
(see, for example, (Billingsley 1999) or (Feller 1957, 1966)), if σg > 0, in order to
prove (7.1), it is enough to prove convergence of the Fourier transforms of the laws,
namely that for any real ϑ,

lim
n→∞

∫
eiϑSn(g)(x)/

√
nh(x)dx = e−σg

2
ϑ

2
/2 . (7.2)

To establish this result, we first define a family of operators Pv (v ∈ BV) by

Pvu(x) = P (evu) (x) , (7.3)

where P is the Perron–Frobenius operator. Using repeatedly relations (5.11) and
(5.13), it follows that the integral in the left-hand side of (7.2) is equal to

∫
Pn

igϑ/
√

n hdx .
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For large n, the function igϑ/
√
n is small and therefore we expect the operator

Pigϑ/
√

n to be in some sense near the operator P . This is indeed the case in the
following sense. In the space of functions of bounded variation, it is easy to verify,
when working on the space BV, that for any v ∈ BV, one has

∥∥P − Pv‖BV ≤ O(1)‖v‖BV .

Therefore, if ‖v‖BV is small enough, using Theorem 5.57 and the analytic pertur-
bation theory around simple eigenvalues (see (Kato 1984)), one can establish the
following result.

Theorem 7.1. There are a positive number η and two positive numbers Γ1 and

1 < 1 such that for any complex valued function v of bounded variation satisfy-
ing ‖v‖BV < η the operator Pv has a unique simple eigenvalue λ(v) of modulus
larger than 
1 with eigenvector hv and eigenform αv (satisfying αv

(
hv

)
= 1). λ(v),

hv and αv are analytic in v in the ball of functions of bounded variation centered at
the origin and of radius η. Moreover, λ(0) = 1, h0 = h, and α0 is the integration
against the Lebesgue measure. The rest of the spectrum of Pv (in the space BV) is
contained in the disk of radius 
1 and we find for any positive integer m the estimate

∥∥Pm
v Πv‖BV ≤ Γ1


m
1 ,

where Πv is the spectral projection of λ(v) given by

Πv(w) = αv(w) hv .

We can now apply this result with v = igϑ/
√
n and m = n because the estimates

are uniform. Choosing n large enough so that |ϑ|/√n η, one gets

Pn
iϑg/

√
nw = λ(iϑg/

√
n)nhiϑg/

√
n αiϑ/

√
n(w) +O(1)
n

1 .

A simple perturbation theory computation (see (Kato 1984) or (Collet 1996)) shows
that since g has zero average,

λ(zg) = 1 +
z2

2σ2
g

+O
(
|z|3

)
,

and the result (7.2) follows. ��
For some particular classes of dynamical systems more precise results have been

established, with an n-dependent bound on the error in (7.1). For Gibbs states over
subshifts of finite type (see Example 2.20 and 5.15), a Berry–Esseen inequality has
been obtained in (Coelho and Parry 1990). They proved that for such dynamical
systems, for any Hölder continuous observable g (of zero average and with ∞ >
σg > 0), there is a constant C > 0 such that for any integer n > 0,

∣∣∣∣∣µ
({

x

∣∣∣∣
Sn(g)(x)
σg

√
n
≤ t

})
− 1√

2π

∫
t

−∞
e−u

2
/2du

∣∣∣∣∣ ≤
C√
n
.
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Analogous results have been obtained in the nonuniformly hyperbolic case in
(Gouëzel 2005).

The next step of refinement is to study the sequence of random variables
Sn(g)/

√
n (with g of zero average and ∞ > σg > 0). For each fixed x, define a

sequence
{
ξn

}
of functions of t by

ξn(t)(x) =
1

σg

√
n

[nt]∑

j=0

g ◦ f j(x) +
1

σg

√
n

(
nt− [nt]

)
g ◦ f [nt]+1(x) , (7.4)

where [ ] denotes the integer part. This defines a random sequence of continuous
functions, the randomness coming from the choice of the initial condition x with
respect to the invariant measure. If we drop the last term in (7.4), we obtain a random
sequence of piecewise constant functions.

Exercise 7.2. Prove that for any fixed integer n the function ξn defined in (7.4) is
continuous.

We next need a definition:

Definition 7.3. Brownian motion t 
→ Bt is the unique continuous time Gaussian
process with independent increments, defined for t ≥ 0, with B0 = 0, with Bt of
zero average for any t > 0 and such that

E
(
Bt Bs

)
= min

{
t, s

}
.

For several classes of dynamical systems one can show that the process {ξn} con-
verges weakly to a Brownian motion. We state here the case of piecewise expanding
map of the interval. We refer to (Denker 1989) for more results and references.

Theorem 7.4. Let f be a piecewise expanding map of the interval and µ a mixing
absolutely continuous invariant probability measure with a nonvanishing density h.
Let g be a Lipschitz continuous function on the interval with zero µ average and with
nonzero standard deviation σg . Then the sequence of processes

{
ξn( · )

}
defined in

(7.4) converges weakly to the Brownian motion.

Of course, the weak convergence means that one averages over initial conditions,
which is difficult to realize in an experiment.

This theorem also holds without the last term in equation (7.4). The first step in
the proof is to show that for any fixed finite sequence of real numbers 0 < t1 <
. . . < tk, we have

lim
n→∞

∫ k∏

j=1

ξn

(
tj , x

)
dµ(x) = E

( k∏

j=1

Btj

)
.

For piecewise expanding maps of the interval, this is proven by extending the ar-
guments leading to the central limit theorem which we described above. The sec-
ond step is the proof of tightness (suitable compactness in the space of stochastic
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processes). We refer to the literature (for example (Denker 1989; Ziemian 1985;
Broise 1996; Melbourne and Nicol 2005)) for the details. From this compactness
one concludes existence of limiting processes, and the uniqueness (hence conver-
gence) follows from the uniqueness of the finite dimensional moments proved in the
first step.

The case of the map x 
→ 3x (mod 1) of the unit interval with the Lebesgue
invariant measure and the observable g = χ[0,1]−1/2 is illustrated in Fig. 7.3.

0 200 400 600 800 1000 1200
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n

Sn/
√

n

Fig. 7.3. Evolution of Sn(g)(x0)/
√

n as a function of n for the map x �→ 3x (mod 1) with
observable g(x) = χ[0,1]−1/2, and some random initial condition x0

We now come to a more refined class of results, which hold almost surely with
respect to the invariant measure, and which are therefore more adequate in exper-
imental contexts. But they are also harder to prove and usually hold under more
stringent conditions. We just mention here a few; they have been proven under vari-
ous hypotheses, and we refer the reader to the literature for the details. For a general
review of invariance principles, see e.g. (Merlevède, Peligrad, and Utev 2006).

We consider again the ergodic sum Sn of an observable g with zero average and
finite (nonzero) variance σg , and satisfying some adequate hypothesis.

The law of iterated logarithm says that almost surely,

lim sup
n→∞

Sn(g)
σg

√
2n log log n

= 1 .

We refer to (Denker 1989) and (Broise 1996) for precise hypotheses and proofs.
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One can also prove almost sure central limit theorems, for example that for any
real s, the sequence of random variables

1
log n

n∑

k=1

1
k
ϑ

(
s− Sk

σg

√
k

)

converges almost surely to

1√
2π

∫
s

−∞
e−u

2
/2du ,

as n → ∞. We refer to (Chazottes and Collet 2005) for the hypotheses, proofs, and
references. An analog of the Erdös–Renyi asymptotics is also proven in (Chazottes
and Collet 2005). Moderate deviations have been treated in (Dembo and Zeitouni
1997).

One would like to say that Sn(g)(x) converges to the random walk Bn not only
in the weak sense, but, hopefully, for µ-almost all x. This is in general not the case.
One can avoid this problem by using the so-called almost sure invariance principle.
By the classical invariance principle, one means the weak convergence of the nor-
malized sum of random variables to the normal distribution N0,1 with mean 0 and
variance 1. More precisely,

Sn√
n
→ ηN0,σg

as n→∞ .

The almost sure invariance principle (see (Philipp and Stout 1975) for a general
approach) establishes (through a renormalization procedure) that there exists a se-
quence of random variables S̃n having the same distribution as Sn and such that
there are an (almost surely finite) integer valued random variable M and a constant
δ > 0 such that for any n > M ,

∣∣S̃n − σgBn

∣∣ ≤ n−δ+1/2 . (7.5)

See in particular (Denker 1989; Ziemian 1985; Broise 1996; Melbourne and Nicol
2005) for the hypotheses and the proofs. If Eq. (7.5) holds, then, if one measures
the variance of the process Sn, one can conclude that—up to corrections as close to
n−1/2 as one wishes—over long stretches of time, one will see a Brownian motion
with that variance.

7.2 Large Deviations

Beyond the central limit theorem and its variants and corrections, one can study the
probability that an ergodic sum deviates from its limit. More precisely, if µ is an
ergodic invariant measure and g an integrable observable with zero average, then
limn→∞ Sn(g)/n = 0 (almost surely). One can ask for the probability of a large
deviation, namely for t > 0 this is the quantity



148 7 Statistics and Statistical Mechanics

µ
({
x
∣∣Sn(g)(x)/n > t

})
.

One can look for a similar quantity for t < 0 (or equivalently change g to −g).
This quantity often decays exponentially fast with n, and it is therefore convenient
to define the large deviation function ϕ(t) by

ϕ(t) = − lim
n→∞

1
n

logµ
({
x
∣∣Sn(g)(x)/n > t

})
. (7.6)

Of course, the limit may not exist and one can take the limsup or the liminf. To inves-
tigate this quantity, one can use the analogy with statistical mechanics (see (Lanford
1973) and (Ruelle 2004)). There, one first computes another quantity called the pres-
sure function which is defined in the present context (for z ∈ C ) by

Ξ(z) = lim
n→∞

1
n

log
(∫

ezSn(g)dµ
)

. (7.7)

Of course, this limit may not exist either. We now explain informally the relation
between the large deviation function ϕ and the pressure Ξ . From the definition of
the pressure (7.7), we find

∫
ezSn(g)dµ ≈ enΞ(z) .

On the other hand, if z is real, the definition of ϕ in (7.6) and Chebyshev’s inequality
imply ∫

ezSn(g)dµ ≥ enztµ

({
x

∣∣∣∣Sn(g) > nt

})
≈ enzte−nϕ(t) .

We conclude immediately from these two inequalities that for any real z

ϕ(t) ≥ zt−Ξ(z) .

Since this should hold for any real z, we conclude that

ϕ(t) ≥ sup
z∈R

(
zt−Ξ(z)

)
. (7.8)

The right-hand side of this inequality is called the Legendre transform of the pres-
sure. This argument can be made rigorous under certain hypotheses on the pressure
(basically differentiability which in statistical mechanics corresponds to the absence
of phase transitions). One can also establish under some hypotheses that equality
holds in (7.8). We refer to (Plachky and Steinebach 1975; Lanford 1973) and (Ellis
1985) for the details. We now explain briefly how to prove the existence of the limit
in (7.7) in the simple case of piecewise expanding maps of the interval. We consider
the case of µ the acim with density h and an observable g of bounded variation.
Using the properties of the Perron–Frobenius operator, in particular, formulas (5.11)
and (5.12) we get

∫
ezSn(g)dµ =

∫
ezSn(g)hdx =

∫
Pn

zg(h) dx ,

where Pzg is the operator defined in (7.3).
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Exercise 7.5. Prove this equality.

Intuitively the integral should behave like the eigenvalue λ(z) of largest modulus
of the operator Pzg. For |z| not too large, Theorem 7.1 shows that the peripheral
spectrum is reduced to a simple eigenvalue and we get immediately

Ξ(z) = log λ(z) .

Differentiability of the pressure can be derived similarly, and as explained before,
this allows one to obtain the large deviation function in a neighborhood of the origin
(even analyticity of the pressure follows from the analyticity properties of λ(z) and
the fact that this function does not vanish near the origin). For the case of (piecewise
regular) Markov maps of the interval and for Gibbs states over subshifts of finite type
(with Hölder potentials), one can show that for Hölder continuous functions g, the
limit in (7.7) exists for any real z and is regular. In those cases one can construct
the large deviation function for all t (more precisely between the supremum and the
infimum of the observable g). We refer to (Bowen 1975) and (Ruelle 2004) for a
detailed study of these cases. We refer to (Young 1990) for a general approach to the
large deviations of dynamical systems and to (Kifer 1990) for more details.

7.3 Exponential Estimates

The large deviation results are very precise but, as we saw above, they require prov-
ing that the pressure exists. This is often a difficult problem and one would sometimes
prefer to obtain less precise estimates at a lower cost.

Several results in the nonindependent case have been obtained and it turns out
that one can prove such results for some classes of dynamical systems as well. To
be more precise, we state a definition. As usual, we consider a discrete time dynam-
ical system given by a map f on a phase space Ω, equipped with a metric d, and
with an ergodic invariant measure µ. A real valued function K on Ωn is said to be
componentwise Lipschitz if, for any 1 ≤ j ≤ n, the constant Lj(K) defined by

Lj(K) = (7.9)

sup
x1,...,xn,y

xj �=y

∣∣K
(
x1, . . . , xj−1, xj , xj+1, . . . , xn

)
−K

(
x1, . . . , xj−1, y, xj+1, . . . , xn

)∣∣
d(xj , y)

is finite. In other words, we assume the function to be Lipschitz in each component
with a uniformly bounded Lipschitz constant.

Exercise 7.6. Consider on Ωn the distance

d�1

(
(x1, . . . , xn), (y1, . . . , yn)

)
=

n∑

j=1

d(xj , yj) .

Show that K is Lipschitz on Ωn with respect to the distance d�1 if and only if it is
componentwise Lipschitz. Relate the sequence of numbers Lj(K) and the d�1 Lip-
schitz constant.
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Definition 7.7. We say that the measure µ satisfies the exponential inequality for the
map f if there are two constants C1 > 0 and C2 > 0 such that for any integer n > 0,
and for any componentwise Lipschitz function K of n variables we have

∫
eK

(
x,f(x),...,f

n−1
(x)

)
−E(K)dµ(x) ≤ C1e

C2
∑n

j=1 Lj(K)
2

, (7.10)

where

E
(
K
)

=
∫

K
(
x, f(x), . . . , fn−1(x)

)
dµ(x) .

Remark 7.8. Rescaling the variables in the statement of (7.1), we see the relation
between it and the more general equation (7.10).

Remark 7.9.

i) Comparing with the definition (7.7) of the pressure, one sees that the left-hand
side is the same kind of integral as in (7.10) with K = Sn(g). The idea of this
definition is to generalize the ergodic sums Sn used in the large deviation results.
A special case of K would be

K
(
x, f(x), . . . , fn−1(x)

)
= Sn(g)(x) =

n−1∑

j=0

g(f j(x)) ,

and then

E(K) = n

∫
g(x)dµ(x) .

In this case, one has

Lj(K) = sup
xj �=y

|g
(
f j−1(xj)

)
− g

(
f j−1(y)

)
|

|f j−1(xj)− f j−1(y)| = sup
x�=y

|g(x)− g(y)|
|x− y| ≡ L(g) ,

and therefore
∑n

j=1 Lj(K)2 is equal to nL(g)2. In other words, we require in
Definition 7.7 an estimation for a larger class of functions, not only for ergodic
sums.

ii) On the other hand, contrary to the case of the pressure, we require only an upper
bound, not the existence of a precise limit.

iii) The estimates provide the right order of dependence in n. For example, if
X1, . . . , Xn are n random variables with zero average and exponential moment,
one gets

E
(
e
∑n

j=1 Xj

)
=

n∏

j=1

E
(
eXj

)
,

which is indeed a product of n terms.
iv) It is also worth emphasizing that the estimate is valid for any n, not only as a

limit.
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v) One can use Hölder norms instead of Lipschitz functions, and in the case of
discrete random variables which take only finitely many values, one uses the
oscillation.

vi) One often exploits the exponential inequality by using a Chebyshev inequality
(see examples below).

vii) An inequality which is weaker than the exponential inequality (7.10) is known
as the Devroye inequality. It reads:

Var(K) ≡
∫

K
(
x, f(x), . . . , fn−1(x)

)
2 dµ(x)− E

(
K
)
2 ≤ C

n∑

j=1

Lj(K)2 .

In the case of dynamical systems, the exponential inequality has been established
for mixing acim of piecewise expanding maps of the interval (see (Collet, Martı́nez,
and Schmitt 2002; Doukhan and Louhichi 1999) and (Dedecker and Prieur 2005),
see also (Rio 2000) for related processes). A similar estimate for the variance using
weaker assumptions has been obtained in (Chazottes, Collet, and Schmitt 2005a),
and some applications are discussed in (Chazottes, Collet, and Schmitt 2005b).

7.3.1 Concentration

The concentration phenomenon has been known for a long time (in some sense al-
ready by Gibbs and others) and was revived 10 years ago by Talagrand mostly in the
context of independent random variables (see (Talagrand 1995), and (Ledoux 2001)).

Concentration is a basically well-known phenomenon in large dimension d. It
was illustrated by Talagrand by saying that in large dimension (d large), sets of mea-
sure 1/2 (here, a set S) are big in the sense that a small neighborhood Bε of S has
almost full measure. In a sense, it is similar to the statement that a full sphere of high
dimension has all its volume within a “skin” of size ε near the surface.

There is a relation between the exponential estimate of Sect. 7.3 and concentra-
tion. This relation is somewhat analogous to the relation between pressure and large
deviation function.

As an example, we consider a subshift of finite type (see Example 2.20) on the
finite alphabet A. We consider on the phase space a metric dζ (see (5.14)) denoted
below by d. For a fixed integer p > 0, let S be a measurable subset of Ωp for which

α(S) ≡ µ
({
x
∣∣ (x, f(x), . . . , fp−1(x)

)
∈ S

})
> 0 .

For a given ε > 0, denote by Bε the neighborhood of S, given by

Bε =





(
x1, . . . , xp

) ∣∣∣∣∃
(
y1, . . . , yp

)
∈ S such that

1
p

p∑

j=1

d
(
xj , yj

)
≤ ε




 .

Let KS be the function defined on Ωp by

KS

(
x1, . . . , xp

)
= inf

(y1,...,yp)∈S

1
p

p∑

j=1

d
(
xj , yj

)
.
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This function measures the average distance to S of the different components of the
vector

(
x1, . . . , xp

)
. Note that with this definition, we have Bε = {KS ≤ ε}. It is

easy to verify that KS is a componentwise Lipschitz function with all the Lipschitz
constants Lj equal to 1/p.

Exercise 7.10. Prove this assertion.

It is useful to introduce the notation

KS,p(x) = KS

(
x, f(x), . . . , fp−1(x)

)
.

Assume that the measure µ satisfies the exponential inequality (7.10). Then we get
for any real number β,

∫
eβKS,p(x)dµ(x) ≤ C1e

βE(KS,p)eβ
2
C2/p .

By Chebyshev’s inequality, we immediately derive

µ
({
x
∣∣KS,p(x) > ε

})
≤ C1e

−βεeβE(KS,p)eβ
2
C2/p . (7.11)

It remains to estimate E
(
KS,p

)
. For the particular case at hand this can be done

easily. Observe that −βKS is also componentwise Lipschitz, and we can apply the
exponential inequality to this function. Equivalently we can change β into −β. We
get ∫

e−βKS,p(x)dµ(x) ≤ C1e
−βE(KS,p)eβ

2
C2/p .

We now observe that if
(
x, f(x), . . . , fp−1(x)

)
belongs to S, then

KS,p(x) = 0 .

Therefore, we find

α(S) ≤
∫

e−βKS,p(x)dµ(x) ≤ C1e
−βE(KS,p)eβ

2
C2/p ,

which implies (with α = α(S)),

eβE(KS,p) ≤ C1α
−1eβ

2
C2/p .

Combining with (7.11), we get

µ
({
x
∣∣KS,p(x) > ε

})
≤ C2

1α
−1e2β

2
C2/pe−βε .

Since this is true for any real β, we can take the optimal value

β =
εp

4C2

and obtain the bound

µ
(
Bc

ε

)
= µ

({
x
∣∣KS,p(x) > ε

})
≤ C2

1α(S)−1e−ε
2
p/(8C2) .

We now see the concentration phenomena. Even if α = α(S) is small (for example,
equal to 1/2), for any fixed (small) ε, if p is large enough (p $ ε−2 log(α−1)), the
set Bc

ε has a very small measure.
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7.4 The Formalism of Statistical Mechanics

The ideas of 1-dimensional statistical mechanics have played an important role in
the study of statistical properties of dynamical systems. Sinai, Ruelle, and Bowen
observed that for uniformly hyperbolic systems one can construct some invariant
measures using a coding. We briefly sketch how the analogy with statistical mechan-
ics emerges.

Recall the definition of a 1-dimensional Gibbs state: One considers a finite al-
phabet A, and the shift S on the phase space Ω = AZ

+

. A shift invariant measure
µ is a Gibbs state if there exists a Hölder continuous potential ϕ such that for any
cylinder set xp

q in Ω:

µ
(
C
(
xp

q

))
≈ e−(p−q+1)Pϕ e

∑p

j=q
ϕ(Sj

(y)) , (7.12)

where y ∈ xp
q and Pϕ is the pressure. We refer to (5.15) for the precise statement.

To simplify the discussion, we consider the special case of a regular map f of the
circle and we assume that there is a Hölder continuous coding Φ from Ω to the circle
(see Sect. 3.1) conjugating f and S. More precisely, we assume that we are given
a partition into intervals I1, . . . , I|A| which has the Markov property (for example,
assume for simplicity that for each j, f(Ij) is the whole circle). Recall that if µ is an
invariant measure for f , µ ◦ Φ is invariant under the shift, and vice versa.

Let µ be an absolutely continuous invariant measure with a density 
, which is
bounded and strictly positive, namely there is a constant c > 1 such that c−1 ≤ 
 ≤
c. Consider now a cylinder set xp

0 with p large. Then J = Φ(xp
0) is a small interval.

Moreover, fp restricted to J is injective, and fp(J) is an interval of size of order 1
(it is one of the fundamental intervals Ij). We have from the bounds on the density

c−1 |J | ≤ µ
(
J
)
≤ c |J | ,

where |J | is the length of the interval J (a slight abuse of notation with the cardinality
of |A|). On the other hand, by the mean value theorem, we find

∣∣fp(J)
∣∣ =

∣∣fp′(ξ)
∣∣ |J | (7.13)

for some ξ ∈ J . This implies by the chain rule,

µ
(
J
)
≈ 1∣∣fp′(ξ)

∣∣ =
p−1∏

j=0

1∣∣f ′
(
f j(ξ)

)∣∣ = e−
∑p−1

j=0 log
∣∣f ′

(
f

j
(ξ)

)∣∣
.

This expression is very similar to the formula (7.12) if we define the potential ϕ by

ϕ(x) = − log
∣∣f ′(Φ(x)

)∣∣ . (7.14)

It is this potential which provides the connection to interaction potentials in statistical
mechanics. The |A| symbols which make up Ω are identified with |A| different spins.
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(When |A| = 2 these are called Ising spins, for larger |A| this is called the |A|-state
Potts model.)

We can now reverse the argument. Assume that the map f has a coding Φ. Then
we can construct the potential ϕ on Ω, using formula (7.14). If we can prove that
there exists a Gibbs state (from statistical mechanics) for this potential, then its image
by Φ−1 will be a candidate for an absolutely continuous invariant measure for f . In
particular, if Φ is Hölder continuous and |f ′| is Hölder and strictly positive, then ϕ is
also Hölder.

Note that Gibbs states for other potentials will also give rise to invariant measures
but which are not absolutely continuous.

One thing is still missing. In the definition of Gibbs state (7.12), one can take
any point y in the cylinder set xp

q , whereas in formula (7.13), a particular point ξ of
the interval J emerges. Assume now that the map f is expanding, namely there is a
constant α > 1 such that on each of the basic intervals Ij we have

∣∣f ′∣∣ > α ;

this is what we called a piecewise expanding map. Let now y = Φ(y) ∈ J . Since for
any 0 ≤ j < p, f j is injective, we have, again by the mean value theorem,

∣∣f j(ξ)− f j(y)
∣∣ ≤ α−(p−j)

∣∣fp(ξ)− fp(y)
∣∣ ≤ 2πα−(p−j) .

From the chain rule we deduce

fp′(ξ)
fp′(y)

=
p−1∏

j=0

f ′(f j(ξ)
)

f ′
(
f j(y)

) .

On the other hand, since f was assumed regular, there is a constant M such that for
any z in a fundamental interval Ij ,

∣∣f ′′(z)
∣∣ ≤M . Therefore, if z1 and z2 belong the

same fundamental interval, we have

∣∣log
∣∣f ′(z1)

∣∣− log
∣∣f ′(z2)

∣∣∣∣ ≤
∫

z2

z1

∣∣∣∣
f ′′(z)
f ′(z)

∣∣∣∣ dz ≤
M

α

∣∣z1 − z2
∣∣ ,

which leads to

e−M |z1−z2|/α ≤
∣∣∣∣
f ′(z1)
f ′(z2)

∣∣∣∣ ≤ eM |z1−z2|/α .

We conclude immediately that

e−2πM/(α−1) ≤
∣∣∣∣
fp′(ξ)
fp′(y)

∣∣∣∣ ≤ e2πM/(α−1) . (7.15)

Such an estimate is often called a bounded distortion argument. In other words, up
to a controlled constant, we can take in formula (7.13) any point inside the interval
J , as in the definition of a Gibbs state.
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Exercise 7.11. Show that if f is a piecewise expanding map of the circle with a cod-
ing Φ as above, and µ is a Gibbs state for the potential ϕ = − log

∣∣f ′ ◦ Φ
∣∣, then

µ ◦ Φ−1 is an absolutely continuous invariant measure for f with a bounded density
which is also strictly positive.

As we have seen above, the Hölder condition on the potential comes from a
Hölder condition on the derivative of the map. This Hölder condition is a transla-
tion of the condition of short range interaction in Statistical Mechanics, which in
1-dimensional systems ensures the uniqueness of the Gibbs state (and some other
nice properties like decay of correlations). In other words, these conditions ensure
the absence of phase transitions.

For short-range interactions, the existence, uniqueness, and properties of the
Gibbs state are often derived using a Perron–Frobenius operator somewhat similar to

the operator (5.10). For potentials ϕ defined onAZ
+

, the Perron–Frobenius operator

P is defined on functions ψ on AZ
+

by

P ψ
(
x∞0

)
=

∑

σ∈A

eϕ
(
σ, x0, x1, ...

)
ψ
(
σ, x0, x1, . . .

)
.

This is very similar to formula (5.10) if it is written as

Pg(x) =
∑

y, f(y)=x

e− log
∣∣f ′

(y)
∣∣
g(y)

and (not surprisingly) the potential − log
∣∣f ′∣∣ appears. One can indeed show that

the two operators are conjugated. We refer to (Bowen 1975) and (Ruelle 2004) for
details.

Examples of expanding C1 maps (whose derivatives are not Hölder) have been
constructed which have several absolutely continuous invariant measures intermin-
gled in a nontrivial way. They are the equivalent of low-temperature systems with
several pure phases. We refer to (Góra and Schmitt 1989) and (Quas 1996) for the
details of the construction.

A similar approach holds in higher dimension. As we have seen in Sect. 6.2, SRB
measures are absolutely continuous along the unstable directions. When we have a
coding, the potential to consider is now − log Ju, where Ju is the Jacobian of the
map in the unstable direction. The technique which extends the preceding results to
higher dimension is based on the so-called volume lemma. We refer to (Bowen 1975)
for the details. We note, however, that one still gets a subshift of finite type, namely
in a sense a 1-dimensional system of statistical mechanics. The reason is that the
space dimension of the Ising–Potts model really corresponds to the time direction of
the dynamical system (which is 1-dimensional, independently of the dimension of
phase space).

For a complete presentation of the subject, see (Ruelle 2004), and for a presenta-
tion for a physics audience, see (Baladi, Eckmann, and Ruelle 1989). Note also that
the thermodynamic formalism can be used to establish large deviation results.
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7.5 Multifractal Measures

Even if the functions x 
→ log µ
(
Br(x)

)
/ log r converge almost surely when r tends

to zero, this quantity can show for nonzero r interesting (and even measurable) fluc-
tuations as a function of x (recall that Br(x) is the ball centered in x of radius r).

The study of these fluctuations is called the multifractal analysis. More precisely,
for any α ≥ 0, let

E+
α =

{
x

∣∣∣∣ lim sup
r→0

log µ
(
Br(x)

)

log r
= α

}
,

and

E−α =

{
x

∣∣∣∣ lim inf
r→0

log µ
(
Br(x)

)

log r
= α

}
.

One would like to characterize the “size” of these sets. This can be done, for example,
using another measure (or family of measures), or using a dimension. The so-called
multifractal spectrum is usually defined as the function α 
→ dH

(
E+

α

)
(or α 
→

dH

(
E−α

)
), where dH is the Hausdorff dimension introduced earlier in (6.4).

Under suitable hypotheses, one can relate these quantities to some large deviation
functions. We refer to (Collet, Lebowitz, and Porzio 1987; Eckmann and Procaccia
1986; Rand 1989; Vul, Sinaı̆, and Khanin 1984; Takens and Verbitski 1998; Theiler
1990) for more results and references. Most of the remainder of this section is de-
voted to the study of a simple example with which we illustrate the techniques.

Example 7.12. The multifractal measures for the dissipative baker’s map
Consider the dissipative baker’s map (2.6). As we have seen in Exercise 3.26, the
attractor is the product of a segment by a Cantor set K. This Cantor set can be con-
structed as follows. Consider the two contractions f1 and f2 of the interval given
by

f1(y) =
y

4
and f2(y) =

2 + y

3
.

The Cantor set is obtained by applying all the infinite compositions of f1 and
f2 to the interval. This is often called an iterated function system; see e.g. (Mauldin
1995). Namely, one defines for each n a set Kn consisting of 2n disjoint intervals,
and constructed recursively as follows. First K0 = [0, 1], and then for any n ≥ 1,

Kn+1 =
{
f1

(
I
) ∣∣ I ∈ Kn

}
∪
{
f2

(
I
) ∣∣ I ∈ Kn

}
. (7.16)

The transverse measure µ of the SRB measure—see (6.2)—satisfies µ(I) = 2−n for
any I ∈ Kn. And K is obtained as the intersection of all the Kn.

Exercise 7.13. Show that Kn is composed of 2n disjoint intervals and that this con-
struction uniquely defines the measure µ.
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Exercise 7.14. Consider the map f of the unit interval defined by

f(x) =






4x , for 0 ≤ x ≤ 1/4
12(x− 1/4)/5 , for 1/4 < x < 2/3
3(x− 2/3) , for 2/3 ≤ x ≤ 1

.

Show that the Cantor set K defined above is invariant under f . Show that f1 and f2

are two inverse branches of f . Show that µ is an ergodic invariant measure for this
map (one can use a coding).

We will need a large deviation estimate for the sizes of the intervals in each Kn. In
the present situation, this is easy since the maps f1 and f2 have constant slope, whose
inverses are relatively prime. Indeed, we have for any integer 0 ≤ p ≤ n,

card
{
I ∈ Kn

∣∣ |I| = 4−p 3p−n
}

=
(
n
p

)
,

where card(S) is the cardinality of the set S, and |I| is the length of the interval I .
For later purposes it is convenient to use the Stirling approximation. Let ϕ be the
function

ϕ(s) =
s + log2 3
log2(4/3)

log2

(
−s + log2 3

log2(4/3)

)
− s + log2 4

log2(4/3)
log2

(
s + log2 4
log2(4/3)

)
,

then for s ∈ [− log2 4,− log2 3],

card
{
I ∈ Kn

∣∣ |I| ≈ 2ns
}
≈ 2n ϕ(s) . (7.17)

Exercise 7.15. Consider the sequence of functions

Zn(β) =
∑

I∈Kn

|I|β .

Compute Zn(β), and derive that

F (β) = lim
n→∞

1
n

log2 Zn(β) = log2

(
4−β + 3−β

)
.

Show that ϕ is the Legendre transform of F . Prove relation (7.17) using steep-
est descent. Show that ϕ(s) is concave, and that its maximum is attained at s =
− log2

√
12.

We can now state the following theorem.

Theorem 7.16. For any α ∈ [1/ log2 4, 1/ log2 3] we have for the dissipative baker’s
map (2.6),

dH

(
E−α

)
= dH

(
E+

α

)
= αϕ(−1/α) .
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Proof (sketch). We give only a proof for α ≤ αc = 1/ log2

√
12. We refer the reader

to the literature for the other range of α (for example (Collet, Lebowitz, and Porzio
1987; Rand 1989; Takens and Verbitski 1998)).

Let

Ẽα =

{
x
∣∣∣α is an accumulation point of

logµ
(
Br(x)

)

log r
when r → 0

}
.

Note that E±α ⊂ Ẽα. To construct the upper bound for dH

(
Ẽα), we use a particular

covering by balls. Indeed, let x ∈ Ẽα. Then by definition, there exists an infinite
sequence

{
rj

}
tending to zero such that

lim
j→∞

logµ
(
Brj

(x)
)

log rj

= α .

Since x ∈ K, we can find for any j an integer nj such that there is an interval
I ∈ Knj

satisfying

K ∩Brj
(x) ⊂ I

and an interval J ∈ Knj+2 such that

J ⊂ Brj
(x) .

Exercise 7.17. Prove this statement, for example, by drawing a local picture of Kn

around x.

In particular, we have

2−nj−2 ≤ µ
(
Brj

(x)
)
≤ 2−nj .

From the condition x ∈ Ẽα, we derive

2−nj ≈ µ
(
Brj

(x)
)
≈ rα

j ,

and therefore
rj ≈ 2−nj/α ,

and finally, because of the choice of I , we find
∣∣I
∣∣ � 2−nj/α .

Therefore, for any fixed N we have

Ẽα ⊂
∞⋃

n=N

⋃

I∈Kn

|I|≤2−n/α

I .



7.5 Multifractal Measures 159

If we assume α ≤ αcrit ≡ 1/ log2

√
12, we have 1/α ≥ log2

√
12 and therefore

s = −1/α ≤ − log2

√
12.

If we use the above intervals I as a covering for Ẽα, we get from the large devia-
tion estimate (7.17) and the definition (6.3) that for any d > αϕ(−1/α)

Hd

(
2−N/α, Ẽα

)
≤

∞∑

n=N

2−n d/α2n ϕ(−1/α) ,

which implies
lim

N→∞
Hd

(
2−N/α, Ẽα

)
= 0 ,

and therefore
dH

(
Ẽα

)
≤ αϕ(−1/α) . (7.18)

This is the desired upper bound.
We next prove a lower bound on dH

(
E−α ∩ E+

α

)
. For this purpose we use Corol-

lary 6.23 and we start by constructing a measure with suitable properties. This could
be done using a coding and the measure would appear as a Bernoulli measure; here,
we construct it directly. We construct actually a one-parameter family of measures
µ(p), p ∈ (0, 1) (and we define as usual q = 1 − p). The construction is recursive,
using the sequence of intervals in Kn. The measure µ(p) will be a probability mea-
sure and we therefore set µ(p)

(
[0, 1]

)
= 1. Assume now that µ(p)(I) has already

been defined for every I ∈ Kn. As we have seen in the recursive construction (7.16),
the intervals in Kn+1 are obtained from those of Kn by applying f1 or f2. We now

define µ(p) on the intervals of Kn+1 by

µ(p)(J) =

{
p µ(p)(I) , if J = f1(I)
q µ(p)(I) , if J = f2(I)

.

The reader can check that this recursive construction defines a Borel measure on [0, 1]
with support K. In particular, µ = µ(1/2). Consider now the map f of Exercise 7.14.
It is easy to verify that its Lyapunov exponent for the measure µ(p) is equal to

λp = p log 4 + q log 3 .

Exercise 7.18. Prove this statement.

We define a set A ⊂ K by

A =

{
x
∣∣∣ lim inf

r→0

log µ(p)
(
Br(x)

)

log r
≥ −p log p− q log q

λp

}
.

It follows from the ergodic theorem (Theorem 5.38) and the Shannon–McMillan–
Breiman Theorem (Theorem 6.2) that µ(p)(A) = 1.

Exercise 7.19. Prove this statement using the construction of the sets I and J
above and observing that fnj−2 is monotone and continuous on I and satisfies∣∣fnj−2(I)

∣∣ = O(1), which implies |I| ≈ 1/
∣∣fnj ′(x)

∣∣ for any x ∈ I .
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We now fix an α ∈ [1/ log2 4, 1/ log2 3], and we choose p such that

p = −α + log2 3
log2(4/3)

,

or equivalently

α =
−λp

log 2
.

This p will be in [0, 1]. By construction, for this p one has A ⊂ E−α ∩ E+
α , and

therefore
µ(p)

(
E−α ∩ E+

α

)
= 1 .

Therefore, with this choice of p, we get, using the corollary of Frostman’s Lemma
(Lemma 6.23),

dH

(
E−α ∩ E+

α

)
≥ −p log p− q log q

λp

= αϕ(−1/α) .

Since this quantity is equal to the upper bound (7.18), the result follows. ��

Exercise 7.20. Write a complete proof of the above result by putting all the necessary
ε and δ.

The maximal value for the Hausdorff dimension of E±α is the dimension of the
invariant set. On the other hand, if α is equal to the Lyapunov exponent (divided

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

α

α
ϕ
(−

1
/
α
)

Fig. 7.4. Hausdorff dimension of the sets E±
α as a function of α for the maps (7.19). The

contact point is at α = 1/
√

log2(87). This is also the inverse of the Lyapunov exponent for
the choice of p = 1/2, namely, 87 = 3 · 29
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by log 2), then the E±α have full measure (see Exercise 7.19). This implies that the
curves α → E±α should be below the first diagonal and tangent to it in one point.
This is illustrated in Fig. 7.4, which shows the graph of dH

(
E−α

)
= dH

(
E+

α

)
when α

varies. This figure was produced with the two maps

f1(y) =
y

29
and f2(y) =

2 + y

3
, (7.19)

so that one can see more clearly the curves than with f1(y) = y/4. One can construct
for this example a map f in analogy to Exercise 7.14 and a Cantor set K.

Theorem 7.16 has been generalized in various directions, in particular to maps
which have not piecewise constant slope. In the analog of Exercise 7.19 one uses
a distortion estimate (of the kind of (7.15)) for the variations of the differential of
large iterates on small intervals. We refer to the previously mentioned references for
details.
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Other Probabilistic Results

A number of questions of probabilistic origin have been investigated in the class
of stochastic processes generated by dynamical systems. We describe some of the
results below.

8.1 Entrance and Recurrence Times

One of the oldest questions in ergodic theory is the problem of entrance time in a
(small) set. For a (measurable) subset A of the phase space Ω, one defines the (first)
entrance time τA(x) of the trajectory of x in the set A by

τA(x) = inf
{
n > 0

∣∣ fn(x) ∈ A
}
.

For x in A this number is called the return time. Note that the function τA is a
measurable function on the phase space with values in the integers.

Remark 8.1. Note that from the above definition, τA(x) ≥ 1 even if x ∈ A. One can
modify the definition by imposing τA(x) = 0 if x ∈ A. Our definition makes some
results below simpler.

Historically, this quantity appeared in Boltzmann’s ideas about ergodic theory,
when he asked about the time it would take for all the molecules in a room to con-
centrate in only half of the available volume. His idea was that events of small prob-
ability occur only on a very large time scale.

One of the first few general results around these questions is the Poincaré re-
currence theorem which dates from the same period of heated discussions about the
foundations of statistical mechanics (see also Fig. 2.5).

Theorem 8.2. Let f be a transformation on a phase space Ω, and let µ be an invari-
ant probability measure for f . Then for each measurable set A of positive measure,
there is a finite integer n ≥ 1 such that µ

(
A ∩ fn(A)

)
> 0.
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Proof. The proof is by contradiction. Assume that there exists a measurable set A
with µ(A) > 0 and such that for all n we have µ

(
A ∩ fn(A)

)
= 0.

Exercise 8.3. Show that for any set A and any integers m and n one finds A =
fn

(
f−n(A)

)
, A ⊂ f−n

(
fn(A)

)
and f−n−m(A) = f−m

(
f−n(A)

)
(use formula

(5.3)).

By the invariance of the measure we have for any integer n,

µ
(
f−n(A) ∩A

)
≤ µ

(
f−n

(
A ∩ fn(A)

))
= µ

(
A ∩ fn(A)

)
= 0 .

Therefore, since for any integer m, we have

f−m
(
A ∩ f−n(A)

))
= f−m(A) ∩ f−n−m(A) ,

we conclude that for any integers m and n

µ
(
f−m(A) ∩ f−n−m(A)

)
= 0 .

Let
Bp = ∪p

n=0f
−n(A) ,

since the sets f−n(A) have an intersection of measure zero and the same measure
µ(A), we find

µ
(
Bp

)
= p µ(A) .

This is only possible as long as p µ(A) ≤ 1 since A is of positive measure. Hence,
we have a contradiction with our assumptions on A, and the theorem is proved. ��

Remark 8.4. Note that it follows from the proof of the theorem that A ∩ fn(A) �= ∅
(and in fact µ

(
A ∩ fn(A)

)
> 0) for at least one n such that 1 ≤ n ≤ 1/µ(A).

Exercise 8.5. Show that for almost any initial condition in a set of positive measure
A, the orbit returns infinitely often to A.

The next important result follows from the ergodic theorem, and says that the
entrance time is a well-defined function.

Theorem 8.6. If A is such that µ(A) > 0, and µ is ergodic, then τA is almost surely
finite.

Proof. The proof is by contradiction. Let B be a measurable set of positive measure
where τA =∞. We have for almost every x in B

lim
n→∞

1
n

n∑

j=1

χA

(
fn(x)

)
= 0 .

On the other hand by ergodicity, this quantity should be almost surely equal to
µ(A) > 0, hence a contradiction. ��
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This result says in particular that if an event A has a nonzero probability, it will
occur with probability 1, at some time. The ergodic theorem tells us that if one con-
siders a large time interval [0, T ], and a (measurable) set A of positive measure, then
the number of times a typical trajectory has visited A (the event A has occurred) is of
the order µ(A)T . In other words, 1/µ(A) is a time scale associated to the set A, and
one may wonder if this time scale is related to the entrance time. A general theorem
in this direction due to Mark Kac.

Exercise 8.7. Show that almost surely

τA(x) = 1 +
∞∑

j=2

j−1∏

m=1

χAc

(
fm(x)

)
.

Theorem 8.8. Let f be a transformation on a phase space Ω, and µ be an ergodic
invariant probability measure for f . Then for each measurable set A of positive
measure, ∫

A

τAdµ = 1.

Proof. We give a proof in a particular case, and refer to the literature (for example
(Krengel 1985)) for the general case. Using Exercise 8.7 it immediately follows that
almost surely

χAc

(
f(x)

)
τA

(
f(x)

)
= τA(x)− 1 = χA(x)τA(x) + χAc(x)τA(x)− 1 .

If we now assume that the function τA is integrable, the result follows by integrating
both sides of this equality and using the invariance of the measure. ��

A general lower bound on the expectation of τA is given in the next theorem.

Theorem 8.9. For any measurable set A with µ(A) > 0 we have

E(τA) ≥ 1
2µ(A)

− 3/2.

Note that the bound is not useful for µ(A) > 1/5 since by definition τA ≥ 1.

Proof. Recall that

E
(
τA

)
=

∞∑

p=1

P
(
τA ≥ p

)
.

We now bound each term in the sum from below. Noting that

{
x | τA(x) ≥ p

}
=




x

∣∣∣∣
p−1∏

j=1

χAc

(
f j(x)

)
= 1




 ,

we have
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P
(
τA ≥ p

)
=

∫
dµ(x)

p−1∏

j=1

χAc

(
f j(x)

)
=

∫
dµ(x)

p−1∏

j=1

(
1− χA

(
f j(x)

))
.

It is left to the reader to verify that

p−1∏

j=1

(
1− χA

(
f j(x)

))
≥ 1−

p−1∑

j=1

χA

(
f j(x)

)
.

Therefore, for any p ≥ 1 we have

P
(
τA ≥ p

)
≥ 1− (p− 1)µ(A) .

Note that this bound is not very useful if p > 1 + 1/µ(A). Let q be a positive integer
to be chosen optimally later. We have

E
(
τA

)
≥

q∑

p=1

P
(
τA ≥ p

)
≥

q∑

p=1

(
1− (p− 1)µ(A)

)
= q − q(q − 1)µ(A)

2
.

Since this estimate is true for any integer q, we can look for the largest right-hand
side. We take q = [1/µ(A)], which is near the optimum and get the estimate using
1/µ(A)− 1 ≤ q ≤ 1/µ(A). ��

In general, one cannot say much more about the random variable τA without
making some hypothesis on the dynamical system or on the set A. We now give an
estimate on the tail of the distribution of τA in the case of dynamical systems with
decay of correlations like in (5.34).

Theorem 8.10. Assume the dynamical system defined by the map f and equipped
with the ergodic invariant measure µ satisfies the estimate (5.34) with CB1,B2

(n)
decaying exponentially fast. Namely, there are two constants C > 0 and 0 < 
 < 1
such that for any integer n

CB1,B2
(n) ≤ C
n .

Let A be a measurable set such that 0 < µ(A) < 1, and such that the characteristic
function of A belongs to B1. Assume also that B2 = L1(dµ). Then

P
(
τA > n) ≤ eγA n µ(A)/ log µ(A) ,

where γA > 0 depends only on the B1 norm of the characteristic function of A.

Note that log µ(A) is negative and therefore the upper bound decays exponen-
tially fast with n. This estimate says that τA is unlikely to be much larger than
−(log µ(A))/µ(A). Note also that in this estimate there is no restriction on the set
A except that its characteristic function belongs to B1. All these assumptions are sat-
isfied in the case of piecewise expanding maps of the interval when A is an interval
and µ the Lebesgue measure (see Theorem 5.57). In this case B1 is the set of func-
tions of bounded variation, and the norm of the characteristic function of an interval
is independent of the interval.
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Proof. From the definition (see also the previous proof) we deduce

P
(
τA > n) =

∫ n∏

j=1

χAc ◦ f j(x) dµ(x) .

Let k be an integer to be fixed later, and let m = [n/k]. We have obviously

P
(
τA > n) ≤

∫ m∏

l=1

χAc ◦ f lk(x) dµ(x) .

Using (5.34) with our hypothesis (and the invariance of the measure) we get

P
(
τA > n) ≤

∫ (
1− χA

)m−1∏

l=1

χAc ◦ f lk(x) dµ(x)

≤
(

1− µ(A) + C
k
∥∥χA

∥∥
B1

)∫ m−1∏

l=1

χAc ◦ f lk(x) dµ(x) .

We now choose k as the smallest integer for which

C
k
∥∥χA

∥∥
B1
≤ 1

2
µ(A) .

Iterating the estimate we obtain

P
(
τA > n) ≤

(
1− µ(A)/2

)
m ≤ e−m µ(A)/2 ,

and the result follows. ��

Theorem 8.10 deals with an upper bound. In the case of small sets A a lot of work
has been devoted to the study of asymptotic laws, that is, upper and lower bounds.
One can expect to see emerging something similar to the exponential law by analogy
with the standard Poisson limit theorem (see (Feller 1957, 1966)) provided there is a
fast enough decorrelation.

We mention here only the case of piecewise expanding maps of the interval. See
Fig. 8.1 for an example.

Theorem 8.11. Let f be a piecewise expanding map of the interval, and µ a mixing
acim with density h. There is a set B of full measure such that if {An} is a sequence
of intervals of length tending to zero and accumulating to a point b ∈ B, then the
sequence of random variables µ

(
An

)
τAn

converges in law to an exponential random
variable of parameter 1. In other words, for any fixed number s > 0 we have

lim
n→∞

P
(
τAn

> s/µ
(
An

))
= e−s .

We sketch below a proof of this theorem modulo a technical point for which we
refer the reader to the literature. This proof is based on an idea of Kolmogorov for
proving the central limit theorem in the i.i.d case (see (Borovkov 2004)).

We recall first a simple version of the Poisson limit theorem.
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Fig. 8.1. An illustration of Theorem 8.11 for the map f : x �→ 3x (mod 1). We take a
small set A = [

√
1/2 − 0.01,

√
1/2 + 0.01]. For 10,000 randomly chosen initial points, we

compute the number of orbits that have not landed in A before m iterations. The vertical axis
is the probability that the entrance time τA exceeds m. The top panel shows the result on a
linear scale, and the bottom panel shows the result on a logarithmic scale. We show both the
experimental and theoretical curves
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Exercise 8.12. Assume a sequence {Xn} of i.i.d random variables takes values 0
and 1 with probability 1 − ε and ε respectively. Let N be the smallest integer such
that Xn = 1. Show that for any fixed s > 0

lim
ε→0

P
(
N >

[
sε−1

])
= e−s .

Proof (of Theorem 8.11). To alleviate the notation, we denote by ε the positive num-
ber µ(A). Let s be a positive number and let n = [s/ε]. Obviously,

P
(
τA > n

)
= (1−ε)n+

n−1∑

q=0

(
(1−ε)n−q−1P

(
τA > q+1

)
−(1−ε)n−qP

(
τA > q

))
.

If ε tends to zero, the first term converges to e−s, and we need only to prove that the
second term (the sum) converges to zero. Since for q ≥ 1,

P
(
τA > q

)
= E




q∏

j=1

χAc ◦ f j



 ,

we have from the invariance of the measure

(1− ε)n−q−1P
(
τA > q + 1

)
− (1− ε)n−qP

(
τA > q

)

= (1− ε)n−q−1



E

( q+1∏

j=1

χAc ◦ f j

)
− (1− ε)E

((
χA + χAc

) q∏

j=1

χAc ◦ f j

)



= (1− ε)n−q−1



ε E

( q+1∏

j=1

χAc ◦ f j

)
− (1− ε)E

(
χA

q∏

j=1

χAc ◦ f j

)



=(1− ε)n−q−1



ε E

( q∏

j=1

χAc ◦ f j

)
− E

(
χA

q∏

j=1

χAc ◦ f j

)



+ (1− ε)n−q−1O(1)ε2 ,

(8.1)

where the last term comes from the estimates

0 ≤ E

(
χA

q+1∏

j=1

χAc ◦ f j

)
≤ E

(
χA

)
= ε

and

E

( q∏

j=1

χAc ◦ f j

)
− ε ≤ E

( q+1∏

j=1

χAc ◦ f j

)
≤ E

( q∏

j=1

χAc ◦ f j

)
.

Note that the right-hand side of (8.1) is of modulus less than 2ε + ε2 (drop the
product of the characteristic functions and use ε > 0). Let kA be an integer such that
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A ∩ f j(A) = ∅ for j = 1, . . . , kA (it is enough to assume that the intersection has
measure zero). Therefore for q > kA we have

E

(
χA

q∏

j=1

χAc ◦ f j

)
= E

(
χA

q∏

j=kA+1

χAc ◦ f j

)
.

For the other term, we use Bonferoni’s inequality, namely

1−
kA∑

j=1

χA◦f j ≤
kA∏

j=1

χAc◦f j ≤ 1−
kA∑

j=1

χA◦f j +
∑

1≤r �=s≤kA

χA◦frχA◦fs . (8.2)

Exercise 8.13. Prove these inequalities.

This implies immediately for q > kA,
∣∣∣∣∣∣
E

( q∏

j=1

χAc ◦ f j

)
− E

( q∏

j=kA+1

χAc ◦ f j

)∣∣∣∣∣∣
≤ εk2

A .

We can now use the decay of correlations in the form of equation (5.34) for χA ∈
B1 and

∏q+1
j=kA+1 χAc ◦ f j ∈ B2. For example, for a mixing acim of a piecewise

expanding map of the interval we can take for A an interval whose characteristic
function belongs to the space of functions of bounded variation (B1) and for B2 it is
enough to take L∞. We get
∣∣∣∣∣∣
εE

( q∏

j=kA+1

χAc ◦ f j

)
− E

(
χA

q∏

j=kA+1

χAc ◦ f j

)∣∣∣∣∣∣
≤ CB1,L∞(kA)

∥∥χA‖B1
.

Combining all the above estimates we get for n− 1 ≥ q > kA,
∣∣(1− ε)n−q−1P

(
τA > q + 1

)
− (1− ε)n−qP

(
τA > q

)∣∣

≤ (1− ε)n−q−1
(
ε2(1 + k2

A) + CB1,L∞(kA)
∥∥χA‖B1

)
.

On the other hand, as was already observed, we have immediately from (8.1),
∣∣(1− ε)n−q−1P

(
τA > q + 1

)
− (1− ε)n−qP

(
τA > q

)∣∣ ≤ 2ε + ε2 .

This bound, which is not as good as the previous one, will be used for small q (q ≤
kA) when the sharper estimate does not hold. Summing over q (from 1 to kA using
the rough bound, and from kA to n using the more elaborated one) we get for n > kA

∣∣∣∣∣

n−1∑

q=0

(
(1− ε)n−q−1P

(
τA > q + 1

)
− (1− ε)n−qP

(
τA > q

))
∣∣∣∣∣
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≤ O(1)
(
εkA + εk2

A + ε−1CB1,L∞(kA)
∥∥χA‖B1

)
.

The theorem follows for any sequence
{
An

}
of sets for which the right-hand side

of the above estimate tends to zero. For a mixing acim of a piecewise expanding
map of the interval,

∥∥χA‖BV ≤ 3, and CB1,L∞(kA) decays exponentially fast in
kA (recall B1 = BV and see estimate (5.35)). It is therefore enough to ensure that
kA = O(1)(− log µ(A)) = O(1) log ε−1. We refer to (Collet and Galves 1995) and
Exercise 8.14 for the details. ��

Exercise 8.14. Consider the full shift S on two symbols {0, 1} and the product mea-
sure (1/2, 1/2) (or the map 2x (mod 1) with the Lebesgue measure). Let Cn,k

(1 ≤ k ≤ n − 1) be the set of cylinders C of length n (starting at position 1)
such that C ∩ SkC �= ∅ (recall that S is the shift). For C ∈ Cn,k show that the last

n − k symbols are determined by the k first ones. Show that µ
(
Cn,k

)
≤ 2k−n (use

that
∣∣Cn,k

∣∣ ≤ 2k). For a cylinder set C of length n, define for 1 ≤ q ≤ n − 1 the
function

fC, q = χC

n−1∏

j=q

(
1− χC ◦ Sj

)
.

Let
Rn

q =
{
x
∣∣Sj(x) ∈ C(x) for some q ≤ j ≤ n− 1

}
,

where C(x) is the cylinder of length n containing x. Show that fC,q is the charac-
teristic function of C ∩

(
Rn

q

)
c. Derive that

µ
((
Rn

q

)
c
)

=
∫ ∑

C

fC,q dµ .

Show that (see the Bonferoni inequality (8.2))

fC, q ≥ χC −
n−1∑

j=q

χC · χC ◦ Sj .

Conclude that if C ∈ Cn,k for some q ≤ k ≤ n− 1, then
∫

fC, q dµ ≥ µ(C)− n2−n−q

(use that χCχC ◦ Sj is the characteristic function of a cylinder set of length n + j).
Using the previous estimate of µ(C) for C ∈ Cn,k with k < n/2, show that there is
a constant c > 0 such that for any n

µ (Rn
1 ) ≤ c n 2−n/2 .

For k = 2m, let K be a cylinder of length m which does not belong to Cm,j for
any 1 ≤ j < m. Show that the cylinder K ∩ SmK belongs to Ck,m. Show that

µ
(
Ck,k/2

)
≥ 2−k/2 and compare with the previous bound.
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Periodic orbits of small period prevent kA from being large, for example, if A
contains a fixed point, then A ∩ f(A) �= ∅. Those sets that recur too fast prevent
in some sense enough loss of memory to ensure a limiting exponential law. Some
results can nevertheless be obtained in these situations; we refer to (Hirata 1993) and
(Coelho and Collet 1994) for some examples. By looking at the successive entrance
times, one can prove under adequate hypotheses that the limiting process when the
set becomes smaller and smaller is a Poisson point process (or a marked Poisson
point process). We recall that a (homogeneous) Poisson point process on R+ is given
by a random (strictly) increasing sequence of points {xn} with x1 = 0 and such that
the random variables xn+1 − xn are i.i.d with exponential distribution. See (Hirata
1993), and (Coelho and Collet 1994; Collet 1996; Collet, Galves, and Schmitt 1992;
Collet and Galves 1993; Hirata, Saussol, and Vaienti 1999; Abadi 2001; Denker,
Gordin, and Sharova 2004) for more details, results, and references. The approach of
two typical trajectories, namely the entrance time into a neighborhood of the diago-
nal for the product system leads to a marked Poisson process at least for piecewise
expanding maps of the interval. We refer to (Coelho and Collet 1994) for details and
to (Kontoyiannis 1998) for related results.

An interesting case of a set A is the first cylinder of length n of a coded sequence.
We recall that the return time is then related to the entropy of the system by the The-
orem 6.7 of Ornstein–Weiss. We refer to (Ornstein and Weiss 1993; Collet, Galves,
and Schmitt 1999a; Kontoyiannis 1998; Chazottes and Collet 2005) for more results
on this case and the study of the fluctuations.

The possible asymptotic laws for entrance times are discussed in (Durand and
Maass 2001) and (Lacroix 2002).

8.2 Number of Visits to a Set

Given a measurable set A of positive measure, it is natural to ask how many times a
typical orbit visits A during a time interval [0, T ] (it is convenient to allow T to be
any positive real number). This number of visits denoted by NA[0, T ] is obviously
given by

NA[0, T ](x) =
∑

0≤j≤T

χA

(
f j(x)

)

for the orbit of the point x. Birkhoff’s ergodic theorem 5.38 tells us that if one con-
siders a large time interval [0, T ], and a (measurable) set A of positive measure, then
the number of times a typical trajectory has visited A (the event A has occurred) is
of the order of µ(A)T where µ is the ergodic measure. In other words, 1/µ(A) is
a time scale associated to the set A. For a fixed A, we have discussed at length the
behavior of NA[0, T ]−µ(A)T for large T (see e.g. the discussion of the central limit
theorem in Chap. 7).

Another kind of asymptotic statistics appears when µ(A) is taken smaller and
smaller and simultaneously T is of order 1/µ(A). In that case, on a “large” interval
of time of scale 1/µ(A) one expects to see only a few occurrences of the event A.
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It turns out that for certain classes of dynamical systems, this can be quantified in a
precise way. It follows for example that if the process of successive entrance times
converges in law to a Poisson point process, the suitably scaled number of visits
converges in law to a Poisson random variable, as discussed in Sect. 8.1.

8.3 Extremes

An interesting quantity to look at is the distance of a typical finite orbit to a given
point or the minimal distance between two finite orbits. Consider a dynamical system
with a metric d on the phase space Ω. Assume a point x0 has been chosen once and
for all. One can look at the successive distances of points on the orbit of x from the
point x0, namely d

(
x0, x

)
, . . . , d

(
x0, f

n(x)
)
. This is a sequence of positive numbers

and the record is the smallest one. This number depends, of course, on x0, n and x,
and we define it more precisely by

Rn,x0
(x) = sup

0≤j≤n
log 1/d

(
x0, f

j(x)
)
.

The logarithm is a convenient way to transform a small number into a large one but
other means can be used to do that (for example the inverse). The logarithm is more
convenient to formulate the results. If we consider a measure µ on the phase space
for the distribution of x (for example an invariant measure), then Rn,x0

becomes a
random variable. The law of Rn,x0

is related to entrance times. Indeed, it follows

at once from the definition that if Rn,x0
(x) < s, then d

(
x0, f

j(x)
)
> e−s for

0 ≤ j ≤ n. In other words,
{
x
∣∣Rn,x0

(x) < s
}

=
{
x
∣∣ τBe−s (x0)

(x) > n
}⋂

Be−s(x0)
c .

This allows one to pass from results on entrance times to records and vice versa. We
now give a simple estimate on the record related to the capacitary dimension.

Definition 8.15. Let µ be a finite measure on a metric space Ω with a metric d, and
let x0 be a point in Ω. The capacitary dimension dCap of µ at x0 is defined by

d
x0
Cap(µ) = sup

{
β ≥ 0

∣∣∣∣
∫

1
d(x, x0)β

dµ(x) <∞
}

.

We refer to (Kahane 1985) and (Mattila 1995) for more results on this quantity. Note
that it can be infinite (for example, if x0 does not belong to the support of µ).

Exercise 8.16. Let f be a diffeomorphism of a compact Riemannian manifold M . If µ
is an invariant ergodic measure for f, show that dx

Cap(µ) is µ-almost surely constant
(show that this is an invariant function of x).

Theorem 8.17. For a fixed x0 and an invariant measure µ, we have

lim sup
n→∞

1
log n

E
(
Rn,x0

)
≤ 1

d
x0
Cap(µ)

.
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This result is similar to the general estimate (8.9).

Proof. We first apply the technique of Pisier’s inequality, namely, for a fixed number
β > 0 we have

eβRn,x0
(x) ≤

n∑

j=0

e−β log d
(
f

j
(x),x0

)
=

n∑

j=0

1
d
(
f j(x), x0

)
β
.

Integrating over µ and using the invariance of this measure, we get

E
(
eβRn,x0

)
≤ n

∫
1

d
(
x, x0

)
β

dµ(x) .

This bound is interesting only if β < d
x0
Cap(µ) which is the condition for the right-

hand side to be finite. Using Jensen’s inequality (the logarithm of the integral is larger
than or equal to the integral of the logarithm) we get

eβE(Rn,x0) ≤ n

∫
1

d
(
x, x0

)
β

dµ(x) ,

and taking logarithms we obtain

E
(
Rn,x0

)
≤ log n

β
+

1
β

log

(∫
1

d
(
x, x0

)
β

dµ(x)

)
.

This implies for any β < d
x0
Cap(µ),

lim sup
n→∞

1
log n

E
(
Rn,x0

)
≤ 1

β

and the result follows. ��

It is in general more difficult to obtain a lower bound.
We observe that if we know that the entrance time into a ball Br(x0) of radius

r around a point x0 converges in law when r → 0 (after suitable normalization)
to an exponential distribution, then we can often say something on the asymptotic
distribution of the record (suitably normalized). Namely, if there is a sequence {Λr}
such that

lim
r→∞

P
(
τBr(x0)

> Λrs
)

= e−s

then we get

P
(
τBr(x0)

> Λrs
)

= P
(
− log

(
d
(
f j(x), x0

))
< − log r

∣∣ 1 ≤ j ≤ Λrs
)

= P
(
R[Λrs],x0

< − log r
)
−→r→∞ e−s , (8.3)

where we assumed that the measure µ has no atom in x0. Assume now, as happens
frequently, that
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Λr ≈ r−a .

Note that if we are in a regular situation,

µ
(
Br(x0)

)
≈ rdH(µ)

and

Λr ≈
1

µ
(
Br(x0)

) ≈ r−dH(µ) .

It follows from (8.3) by defining n = [Λrs], that

lim
n→∞

P

(
Rn,x0

<
1
a

log n + v

)
= e−e

−av

which is Gumble’s law (see (Galambos 1987)). We refer to (Collet 2001) for more
details.

8.4 Quasi-Invariant Measures

Another notion related to entrance times is that of dynamical systems with holes. Let
A be a measurable subset of the phase space Ω and imagine that the trajectory under
the map f is killed when it enters A for the first time (the system leaks out through
A). Various interesting questions arise for the trajectories that have survived up to a
time n. In particular, the set of initial conditions that never enter A (in other words,
which survive forever) is given by

R =
∞⋂

j=0

f−j
(
Ac

)
.

It often occurs that this set is small, for example of measure zero for some interesting
measure. A simple example is given by the one-parameter family of maps of the
interval [0, s] (for s > 1).

fs(x) =

{
s(1− |1− 2x|) , for 0 ≤ x ≤ 1
x , for 1 < x ≤ s

. (8.4)

The image of the interval (1/(2s), 1−1/(2s)) falls outside the interval [0, 1]; see
Fig. 8.2.

Exercise 8.18. Show that for the above maps fs and A = (1, s], the set R is a Cantor
set of Lebesgue measure zero.

It may sometimes occur that the set R is empty. From now on we always assume
that this is not the case.
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Fig. 8.2. The graph of the map x �→ fs(x) of formula (8.4) with s = 3/2

Assume that we are given a measure µ on the phase space Ω. We denote by Ωn

the set of initial conditions that have survived up to time n (in other words whose
trajectory has not yet met A), namely

Ωn =
n⋂

j=0

f−j
(
Ac

)
.

This is obviously the subset of Ac for which τA > n. As mentioned above, fre-
quently, µ

(
Ωn

)
tends to zero when n tends to infinity.

One can look at the restriction of µ to the initial conditions in Ωn, namely, define
a sequence of probability measures

{
µn

}
by

µn(B) =
µ (B ∩Ωn)
µ (Ωn)

,

which is just the conditional measure on the set of initial conditions which have not
escaped up to time n (here and in the sequel we assume that for any n, µ(Ωn > 0)).
If the limiting measure exists, it is supported by the set R. Such measures have
been studied extensively in particular in the case of complex dynamics (see (Brolin
1965)), and more generally in the case of repellers. We refer to (Collet, Martı́nez, and
Schmitt 1994; 1997), (Chernov, Markarian, and Troubetzkoy 1998), and references
therein.

Exercise 8.19. Consider the map (8.4) and for µ the Lebesgue measure. Show that
the sequence of measures {µn} converges (weakly) to the Cantor measure.
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Another interesting notion was introduced by Yaglom and is often called the
Yaglom limit. It is connected with the notion of quasi-invariant measure (or quasi-
invariant distribution). Consider the initial conditions that survived up to time n,
namely which belong to Ωn. The nth iterate of many of these initial conditions are
points that are on the verge of escaping. Can one say something about their distri-
bution? This leads one to consider a sequence {µn} of probability measures given
by

µn(B) =
µ
(
f−n(B) ∩Ωn

)

µ (Ωn)
.

Again, one can ask if there is a limit for this sequence (the so-called Yaglom limit).
It turns out that these measures satisfy an interesting relation.

Lemma 8.20. For any measurable set B and any integer n we have

µn

(
f−1(Ac ∩B)

)
=

µ
(
Ωn+1

)

µ
(
Ωn

) µn+1(B) .

Exercise 8.21. Give a proof of this lemma.

Iterating this relation, one gets for any integers n and p,

µn

(
Ωp ∩ f−p(B)

)
=

µ
(
Ωn+p

)

µ
(
Ωn

) µn+p(B) .

In particular, if the ratio µ
(
Ωn+1

)
/µ

(
Ωn

)
converges to a number 
 > 0, and the

sequence
{
µn

}
converges in an adequate sense to a probability measure µ̃, this mea-

sure satisfies the relation

µ̃
(
f−1(Ac ∩B)

)
= 
 µ̃(B) . (8.5)

Definition 8.22. By analogy with (5.5), a measure µ̃ satisfying the relation (8.5) for
all B is called a quasi-invariant measure (or quasi-invariant distribution).

Note that by taking B = Ac we get


 =
µ̃
(
f−1(Ac)

)

µ̃
(
Ac

) .

Iterating (8.5) one gets

µ̃
(
Ωp ∩ f−p(B)

)
= 
pµ̃(B) .

Taking B = Ω and using that µ is a probability measure we get

µ̃
(
Ωp

)
= 
p .

In other words, since
µ̃
(
Ωp

)
= µ̃

(
τA > p

)

we see that in the measure µ̃, the entrance time is exactly exponentially distributed.
In the other direction, one can show the following theorem.
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Theorem 8.23. Let µ0 be a probability measure on a compact set Ω0. Assume that A
is open or closed and µ0(f

−n(∂A)) = 0 for any n ∈ Z (∂A denotes the boundary
of A). Then, if moreover

lim sup
n→∞

logµ0

(
Ωn

)

n
< 0 ,

there exists a quasi-invariant measure.

We refer to (Collet, Martı́nez, and Maume-Deschamps 2000; 2004a) for a proof and
references.

Note that the quasi-invariant measure whose existence is ascertained by the theo-
rem may not be unique and need not be simply related to the measure µ0. We refer to
(Collet, Martı́nez, and Maume-Deschamps 2000; 2004a) and (Chernov, Markarian,
and Troubetzkoy 1998) for details and references.

Example 8.24. We come back to the case of the map fs of (8.4), with the set A =
(1, s]. Let µ be the measure on [0, s], which is the Lebesgue measure on the interval
[0, 1] and vanishes on (1, s]. To check that µ is a quasi-invariant measure, it is enough
to take B ⊂ Ac = [0, 1] and by definition (8.5) to verify that

µ
(
f−1(B)

)

µ
(
B
)

does not depend on B. Since µ is a Borel measure, it is enough to verify this assump-
tion for finite unions of intervals. Moreover, one readily checks that if this relation
holds for any interval (contained in [0, 1]), it will also hold for any finite union of
intervals.

If B = [a, b] (0 ≤ a < b ≤ 1), we conclude at once that

f−1(B) = [a/(2s), b/(2s)] ∪ [1− b/(2s), 1− a/(2s)] .

Therefore,

µ
(
f−1(B)

)
=

b− a

s

and
µ
(
f−1(B)

)

µ
(
B
) =

1
s
,

which does not depend on B.

8.5 Stochastic Perturbations

As we already mentioned several times, in concrete experiments (and to some extent
also in numerical simulations) one obtains a unique record of a (finite piece of) tra-
jectory of a dynamical system (or its image through an observable), often corrupted
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by noise. The effect of the noise can be modeled in many ways and we will deal
here only with the simplest case. We assume that the phase space is contained in Rd

and that there is a sequence of i.i.d random variables ξ0, ξ1, . . ., such that instead of
observing the orbit of an initial condition x, one observes sequences {xn} of points
in the phase space given by

xn+1 = f(xn) + ε ξn , (8.6)

where ε is a fixed parameter. The process {xn} is called a stochastic perturbation
of the dynamical system f . In most cases, the noise is small and it is convenient to
normalize its amplitude by this parameter ε so that the ξn are of order 1. For example,
one can impose that the variance of the ξn is equal to 1. In experimental contexts, this
noise reflects the fact that extra effects neglected in the description of the experiment
constantly perturb the system. A good example is temperature fluctuations. Note also
that formula (8.6) describes a nonautonomous equation since the map also depends
on time through the sequence

{
ξn

}
.

We henceforth assume that the average of ξn is equal to 0. This is a natural
assumption; for example, the experimental noises are often modeled by white noises
of zero average. If the average m of ξn is not zero, one can subtract it from the noise
and add it to the transformation, namely replace ξn by ξn − m and f by the map
x 
→ f(x) + εm. In formula (8.6) this produces the same sequence {xn}.

In the presence of noise there are two basic questions.

i) Can one recover to some extent the true trajectory out of the noisy one?
ii) Can one recover the statistical properties?

Concerning the first question, we discuss later denoising algorithms (see Remark
9.6). We also recall that the shadowing lemma allows one to construct a true orbit
in the vicinity of a noisy one (see Theorem 4.63). The more ambitious complete
reconstruction of a trajectory out of a noisy perturbation (of infinite length) was
discussed in several papers by Lalley and Nobel (see (Lalley and Nobel 2000; Lalley
1999; Lalley and Nobel 2003)). We refer to the literature for the results.

Concerning the second question, namely recovering the statistical properties of
the dynamical system out of noisy data, we first observe that due to the hypothesis
of independence of the ξn in (8.6), the sequence {xn} defined in formula (8.6) is a
Markov chain. Assume moreover that the random variables ξn have a density 
 with
respect to the Lebesgue measure. Then the transition probability is given by

pε

(
xn+1

∣∣xn

)
=

1
ε



(
xn+1 − f

(
xn

)

ε

)
. (8.7)

Exercise 8.25. Prove this formula.

Formally, when ε tends to zero, the right-hand side converges to δ
(
xn+1 − f

(
xn

))

(where δ is the Dirac distribution) and we recover the original dynamical system.
This limiting procedure is however quite singular and requires some care.
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It follows at once from (8.7) that in the case where the noise ξn has a density, any
invariant measure for the Markov chain

(
xn

)
is absolutely continuous (there may be

several invariant measures if the chain is not recurrent).
It is natural to ask what are the accumulation points of the invariant measures of

the chain, when the amplitude ε of the noise tends to zero. One should of course as
usual avoid the phenomenon of escape of mass to infinity, although several papers
have been devoted to this interesting question in the context of quasi-stationary mea-
sures; see (Collet, Martı́nez, and Schmitt 1999b; Collet and Martı́nez 1999; Ramanan
and Zeitouni 1999). One way to avoid escape is by imposing a compact phase space
(in that case some correction to the noise has to be made near the boundary).

Proposition 8.26. Assume that the phase space is compact and that the map f of the
dynamical system is continuous and the noise is bounded. Then any (weak) accumu-
lation point of invariant measures of the Markov chain when the amplitude ε of the
noise tends to zero is an invariant measure of f .

Proof. We will cheat somewhat by ignoring the effects of the boundary. This can
be fixed by somewhat lengthy and rather uninteresting technical details. Let {εn}
be a sequence tending to zero, and assume that we are given an associated sequence{
µεn

}
of invariant measures (µεn

is an invariant measure of the chain pεn
) that

converges weakly to a measure µ. To show that µ is invariant, it is enough to prove
(see Exercise 5.17) that for any continuous function g we have

∫
g ◦ f dµ =

∫
g dµ .

From the invariance of µεn
, we find for any fixed continuous function g

E

(∫
g
(
f(x) + εnξ

)
dµεn

(x)
)

=
∫

g(x) dµεn
(x) , (8.8)

where the expectation is over ξ. Since the phase space is compact, g is uniformly
continuous. Therefore, since the noise is bounded and εn tends to zero, we can find
for any η > 0 an integer N such that for any n > N we have

∣∣g
(
f(x) + εnξ

)
− g

(
f(x)

)∣∣ < η .

This implies for any n > N ,
∣∣∣∣
∫

g
(
f(x)) dµεn

−
∫

g(x) dµεn
(x)

∣∣∣∣ < η ,

and the result follows by taking the limit n→∞ in equation (8.8). ��

This leads naturally to the following definition.

Definition 8.27. The invariant measure µ of a dynamical system is stochastically
stable (with respect to the noise {ξn}) if it is an accumulation point of invariant
measures of the stochastic processes (8.6) when the amplitude ε of the noise tends to
zero.
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Even if the random variables ξn have a density (and we have seen that in this
case the invariant measures of the chain are absolutely continuous), the accumu-
lation points may not be absolutely continuous. This is necessarily the case if the
map f has only attracting sets of Lebesgue measure zero. What comes closest to
an absolutely continuous invariant measure is an SRB measure (see Definition 6.14)
whose conditional measures on the local unstable manifolds are absolutely contin-
uous. The stochastic stability of SRB measures has been indeed proven for Axiom
A systems (see e.g. (Kifer 1988; 1997)) and in some nonuniformly hyperbolic cases
(see (Young 1986) and references therein).

Theorem 8.28. Let (Ω, f) be an Axiom A dynamical system. Let Λ be an attractor
of f with a basin of attraction U . Let {xn} be a stochastic perturbation as in (8.6)
with a bounded noise with continuous density. Then for small enough ε there is a
unique invariant measure µε for the process (8.6) supported in U , and this measure
converges weakly to the SRB measure when ε tends to zero.

We do not prove this theorem, and instead prove the stochastic stability of acim
for piecewise expanding maps of the circle. The theory is analogous to the case
of piecewise expanding maps of the interval, and in particular Theorem 5.57 ap-
plies. Considering the circle instead of the interval avoids unnecessary complications
(which do not carry any interesting concepts). The problem is that on the interval if
we use formula (8.6) for the definition of the stochastic perturbation, even if ξn is
bounded, if the point f(xn) is too near to the boundary, the point xn+1 = f(xn)+εn

could be outside of the interval. This is an interesting leaking problem somewhat re-
lated to the questions of Sect. 8.4 but we do not want to add this supplementary effect
here.

Theorem 8.29. Let f be a piecewise expanding map of the circle with a unique mix-
ing absolutely continuous invariant measure with density h. Assume that the noise ξn

has a density 
 which is continuous and with compact support. Then for any ε > 0
small enough, the stochastic process

ϑn+1 = f(ϑn) + εξn (mod 2π) (8.9)

has a unique invariant measure µε which is absolutely continuous with density hε

(which is a continuous function). When ε tends to zero, µε converges weakly to
hdx and more precisely hε converges to h in the Banach space BV of functions
of bounded variation.

Proof. Since the support of 
 is bounded, there is a number ε0 > 0 such that for
any ε ∈ [0, ε0) we have almost surely and for any integer n the bound ε

∣∣ξn

∣∣ < π.
In particular, since for such an ε the function 
(x/ε) vanishes outside the interval
(−π, π), we can consider this function as a function defined on the circle. We only
consider below amplitudes ε of the noise belonging to the interval ε ∈ [0, ε0). Let
Rε be the operator defined on integrable functions of the circle by

Rεg(ϑ) =
1
ε

∫



(
ϑ− ϕ

ε

)
g(ϕ)dϕ .
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Using the Young inequality for g and 
ε(ϕ) = ε−1
(ϕ/ε), namely

‖g � 
ε‖r ≤ ‖g‖q‖
ε‖p ,

with p, q, r ∈ [1,∞] and 1 + 1/r = 1/p + 1/q, it follows at once that this operator
is bounded in L1(dϑ) and L∞(dϑ) with norm 1. It is also easy to verify that it is
bounded in the Banach space BV also with norm 1.

Exercise 8.30. Prove this last statement using the equivalent formula

Rεg(ϑ) =
1
ε

∫


(
ψ/ε

)
g(ϑ− ψ)dψ .

It is also easy to verify that Rε tends strongly to the identity in the Banach spaces
B = L1(dϑ) and BV. Namely for any g ∈ B we have

lim
ε→0

∥∥Rε(g)− g
∥∥
B = 0 .

Exercise 8.31. Prove this assertion. Hint: observe that

Rε(g)(ϑ)− g(ϑ) =
1
ε

∫


(
ψ/ε

)(
g(ϑ− ψ)− g(ϑ)

)
dψ ,

and approximate g by piecewise continuous functions.

As we explained earlier, the transition kernel of the stochastic process (8.9) is given
by (8.7), and therefore any invariant measure dµε has a density hε given by

hε(ϑ) =
1
ε

∫



(
ϑ− f

(
ϕ)

ε

)
dµε(ϕ) .

In particular, this function hε should satisfy the equation

hε(ϑ) =
1
ε

∫



(
ϑ− f

(
ϕ)

ε

)
hε(ϕ) dϕ .

This relation implies immediately that hε should be continuous and with support
equal to the whole circle.

Exercise 8.32. Prove these statements (use that 
 is continuous).

Performing a change of variables as in (5.8), one obtains immediately that hε should
satisfy the equation

hε = RεPhε ,

where P is the Perron–Frobenius operator (5.9). Had Rε converged in norm to the
identity, we could have used perturbation theory to finish the proof. This is however
not the case.
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Exercise 8.33. Prove that in the two Banach spaces B above, for any ε > 0 small
enough, ∥∥Rε − I

∥∥
B ≥ 1 .

To control the perturbation in a weaker sense, we recall that from Theorem 5.57
that one can write P = P0 +Q, where P0 is a rank one operator and Q is an operator
with spectral radius σ < 1 (in BV). Therefore,

RεP = RεP0 + RεQ ,

and here again, RεP0 is an operator of rank 1. We now analyze the resolvent of this
operator. We first observe that the rank one operator RεP0 has eigenvalue 1. Indeed,
we have (see Theorem 5.57),

(
P0g

)
(x) = h(x)

∫
g(y) dy ,

and therefore, since Rε preserves the integral, we find
∫ (

RεP0g
)
(x) dx =

∫ (
P0g

)
(x) dx =

∫
g(y) dy .

In other words, the integration with respect to the Lebesgue measure is a left eigen-
vector (eigenform) of eigenvalue one for the operator RεP0. This is not surprising
and reflects the fact that the kernel of Rε is a transition probability. By a similar
argument one also checks that for any integrable function g,

∫ (
RεQg

)
(x) dx = 0 ,

which implies P0RεQ = 0. Since RεP0 is an operator of rank one with eigenvalue
one, it is a projection.

Exercise 8.34. Prove directly that
(
RεP0

)
2 = RεP0.

Therefore, for any complex number z with z �= 0, 1 we have

(
RεP0 − z

)−1 =
RεP0

1− z
− I −RεP0

z
.

This implies that, for z �= 0, 1, we can write

RεP − z =
(
RεP0 − z

)(
I −

(
RεP0 − z

)−1RεQ
)

=
(
RεP0 − z

)(
I − RεP0

1− z
RεQ +

I −RεP0

z
RεQ

)
.

As we saw above, P0RεQ = 0, and we get

RεP − z =
(
RεP0 − z

)(
I − RεQ

z

)
.
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Assume for the moment
∥∥Q

∥∥
BV

< 1 (recall that it is only the spectral radius which
is known to be smaller than one). We can try to obtain the resolvent of RεP by using
a Neumann series for the inverse of the last factor in the above formula. In other
words, we will investigate the convergence of the sum of operators

Kε(z) =
∞∑

j=0

(
RεQ

z

)
j

.

This series converges to a bounded operator in BV for any complex number z satis-
fying |z| > υ(ε) =

∥∥RεQ
∥∥
BV

. In particular, if |z| > υ(ε) and z �= 1, the operator
RεP − z is invertible, and its inverse is given by

(RεP − z)−1 = Kε(z)
(
RεP0

1− z
− I −RεP0

z

)
.

Furthermore, if υ(ε) < 1, we conclude that the operator RεP has one as a simple
eigenvalue, and this is the only point in the spectrum outside the disk |z| ≤ υ(ε). We
can therefore express the (rank 1) spectral projection Pε on this eigenvalue 1 by the
formula (see (Kato 1984))

Pε =
1

2πi

∫

|z−1|<(1−υ(ε))/2

(RεP − z)−1 dz

=
1

2πi

∫

|z−1|<(1−υ(ε))/2

Kε(z)
(
RεP0

1− z
+

I −RεP0

z

)
dz .

The function Pεh is proportional to hε sincePε is a rank 1 projection on this function.
Moreover, since h is of integral 1 and the integration with respect to the Lebesgue
measure is a left eigenvector of Pε of eigenvalue 1, we have

∫ (
Pεh

)
(x) dx =

∫
h(x) dx = 1 .

This implies immediately
Pεh = hε .

Using the above formula for Pε and the fact that P0h = h, we get from Cauchy’s
formula

hε =
1

2πi

∫

|z−1|<(1−υ(ε))/2

Kε(z)Rεh
dz

1− z
= Kε(1)Rεh .

We now observe that

hε = Kε(1)Rεh = Rεh +
∞∑

n=0

(
RεQ

)
nRεQRεh .

Since Rε converges strongly to the identity in BV and since Qh = 0, we have
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lim
ε↘0

QRεh = 0 .

Since we assumed that
∥∥Q

∥∥
BV

< 1, and since we established that
∥∥Rε

∥∥
BV

= 1,
we conclude that

lim
ε↘0

∞∑

n=0

(
RεQ

)
nRεQRεh = 0 .

It then follows again from the strong convergence of Rε to the identity in BV that

lim
ε↘0

hε = h .

If
∥∥Q

∥∥
BV
≥ 1, since the spectral radius of Q is strictly smaller than 1, there is an

equivalent norm where Q is a strict contraction (see (Kato 1984)). One equips BV
with this new equivalent norm, and repeats the above argument. The details are left
to the reader. ��

We refer to (Young 1986; Kifer 1988; 1997) and (Blank and Keller 1997) for
references and more results on this subject.
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Experimental Aspects

Our aim in this chapter is mostly to describe measurement techniques which have
a solid theoretical background. As usual, in Nature, one has no way of knowing
whether the necessary mathematical assumptions are satisfied by a given system. But
it turns out that it is very useful, in concrete examples, to act “as if” they were true.
We do not enter into the many details which have been studied in the experimental-
theoretical literature, such as optimal methods to work with not so abundant data,
nonlinear fits to discover the evolution equations, and the like. There is a large lit-
erature on this subject; see e.g. (Grassberger, Schreiber, and Schaffrath 1991) and
references therein.

Here, we explain some of the methods developed for the measurement of vari-
ous interesting quantities for dynamical systems and more generally for stochastic
processes. These methods can be applied to the output of numerical simulations or
experimental data. They are usually targeted to a (large) unique realization of the
process. More precisely, the system is observed through one, or very few, observables
g (a real or vector valued function on the phase space) and for an initial condition x.
One has a recording of the sequence

{
Xn

}
0≤n≤N

=
{
g
(
fn(x)

)}
0≤n≤N

. (9.1)

This is somewhat different from the usual statistical setting where one assumes to
have a sequence of repeated independent observations. In the sequel we assume that
an ergodic and invariant measure µ has been selected and that the initial condition x
is typical for this measure. This is, of course, hard to verify in a numerical situation
and even impossible in an experimental setting; this is why the Physical measure
assumption (see Sect. 5.7) is relevant, because then the Lebesgue measure is the nat-
ural one from which to choose initial conditions. In any case, we are in the statistical
situation of having the recording of the observation of a finite piece of one trajectory
of a stochastic process. We assume for simplicity that the phase space is a bounded
subset of Rd although the methods can be easily extended to the case of differentiable
manifolds.
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9.1 Correlation Functions and Power Spectrum

One of the easiest things to determine from the data is the (auto)correlation function.
It follows immediately from the ergodic theorem and definition (5.24) that for µ-
almost every x and for any square integrable observable g (with zero average) one
obtains the correlation function as

Cg,g(k) = lim
n→∞

1
n

n−1∑

j=0

g
(
f j(x)

)
g
(
f j+k(x)

)
. (9.2)

In Fig. 9.1 we show the correlation function computed with this formula for the map
x 
→ 3x (mod 1) of the unit interval, and the observable x− 1/2. The figure shows
two applications of formula (9.2), one with n = 1024 terms and the other one with
n = 32,768 terms.
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n=1024
n=32768
n= 

k

C
g
,g

(k
)

∞

Fig. 9.1. Numerically determined correlation function for initial conditions chosen uniformly
with respect to the Lebesgue measure, the map 3x (mod 1), and the observable g(x) =
x−1/2. The red line is for n = 1024, the blue for n = 32,768 in formula (9.2). We also show
(green) the theoretical curve (n = ∞)

In practice, the measure µ is often unknown and therefore one does not know
what to subtract from g to get a function with zero average. However, one can use
again the ergodic theorem to estimate the average of g, namely

∫
gdµ = lim

n→∞

1
n

n−1∑

j=0

g
(
f j(x)

)
. (9.3)
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For particular classes of dynamical systems, the convergence rate can be esti-
mated using various techniques; we refer to (Chazottes, Collet, and Schmitt 2005a)
for some examples using the exponential estimate or the Devroye inequality.

Another quantity which is often used in practice is the power spectrum Wg (see
(Kay and Marple 1981) or (Brockwell and Davis 1996)).

This is the Fourier transform of the correlation function, namely

Wg(u) =
∑

k≥0

Cg,g(k)eiku .

If 〈g〉 denotes the average of g, using the ergodic theorem one is led to guess that the
so-called periodogram In(u, x) defined by

In(u, x) =
1
n

∣∣∣∣∣

n−1∑

k=0

g
(
fk(x)

)
− 〈g〉eiku

∣∣∣∣∣

2

(9.4)

is a good approximation. If 〈g〉 is not known, it can be estimated as before using
(9.3).

Unfortunately, although it is well-known that for any u one has

lim
n→∞

∫
In(u, x)dµ(x) = Wg(u) ,

the periodogram does not converge µ-almost everywhere in x (it converges to a dis-
tribution valued process). This is illustrated in Fig. 9.2, which shows the periodogram
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I1024(u)

Fig. 9.2. Periodogram of the function χ[0,1/2] − 1/2, with n = 1024 in formula (9.4) for
u ∈ [0, 2π]
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(9.4) of the function χ[0,1/2]− 1/2 for the map 3x (mod 1) of the unit interval (and
some random initial condition for the Lebesgue measure).

One can prove under adequate conditions that a much better behaved quantity to
look at is the integrated periodogram Jn given by

Jn(u, x) =
∫

u

0

1
n

∣∣∣∣∣

n−1∑

k=0

(
g
(
fk(x)

))
− 〈g〉eiks

∣∣∣∣∣

2

ds . (9.5)

Namely, for any u, and for µ-almost every x one has

lim
n→∞

Jn(u, x) =
∫

u

0

Wg(s)ds .

Figure 9.3 shows the integrated periodogram of the function χ[0,1/2] − 1/2 for the
map 3x (mod 1) of the unit interval (and random initial condition for the Lebesgue
measure).
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Fig. 9.3. Integrated periodogram of the function χ[0,1/2] − 1/2 for the map 3x (mod 1). The
blue curve corresponds to n = 32,768 in formula (9.5) and the black curve to n = 512

We refer to (Chazottes, Collet, and Schmitt 2005a) for the case where the average
of g has to be estimated from the data and for (uniform) estimates on the convergence
rate under some assumptions on the dynamical system, using an exponential or a
Devroye inequality. Other algorithms use local averages of the periodogram (see, for
example, (Bardet, Doukhan, and Leon 2005)). An algorithm of Burg is based on the
maximum entropy principle. We refer to (Lopes and Lopes 1998; 2002) for other
results.
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9.2 Resonances

In Sect. 5.6 we discussed the exponential decay of correlations. Here, we refine this
discussion to the appearance of resonances, which are modulations of the rate of
decay. These are not to be confused with the resonances which appear in the con-
jugation problems of Sect. 4.1.3. We want to illustrate two phenomena: The first is
the modulation of the correlation function, while the second is the perhaps unex-
pected observation that the decay rate of the correlations is not necessarily equal to
the inverse of the Lyapunov exponent.

Two examples are shown in Figs. 9.6 and in 9.7. The first allows for explicit
calculations of all quantities, and the second is more like what happens in “typical”
experiments. We begin with a (long) example.

Example 9.1. The map (which we call f ) is drawn in Fig. 9.4 and is defined by

f(x) =

{
λ(x− xc) + 1 , if x ≤ xc

−λ(x− xc) + 1 , if x ≥ xc

,

where xc = 2λ
2

1+λ + 1−2λ
2

λ2 . Note that it has a slope±λ, where λ > 1. Baladi obtained
λ as follows: If we call P1, . . . , P4 the four pieces of the partition of [0, 1] as shown
on the bottom of Fig. 9.4, we see that f(P1) = P2 ∪ P3, f(P2) = f(P3) = P4,
and f(P4) = P1 ∪ P2 ∪ P3. Therefore, the transition matrix M (the Markov matrix)
defined by Mi,j = 1 if Pi ⊂ f(Pj) and zero otherwise is given by

x

f(x)

0

0

1

12λ2

1+λ

xc

1−2λ2

λ2
1−2λ2

λ2 1 − 2
λ2

Fig. 9.4. The Baladi map. It is a Markov map
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M =





0 0 0 1
1 0 0 1
1 0 0 1
0 1 1 0



 .

Its characteristic polynomial is

λ4 − 2λ2 − 2λ ,

and its eigenvalues are

λ ≈ 1.76929 , λr,± ≈ −0.884846± 0.58973i , and 0 .

The reader can check easily that the maximal eigenvalue is the right choice of λ. The
correlation functions are given by

CF,G(k) =
∫

dxF (x)G
(
fk(x)

)
h(x) ,

where the density h of the invariant measure (which is unique among the absolutely
continuous invariant measures) is given by

h(x) =






λ2/N ≡ α , if x < 2λ2/(1 + λ)
λ(1 + λ)/N ≡ β , if 2λ2/(1 + λ) < x < 2/λ2

2(1 + λ)/N ≡ γ , if 2/λ2 < x < 1
, (9.6)

and N = (2λ3 − λ − 2)/λ2 is a normalization (Fig. 9.5). Changing variables to
y = f−1(x), one gets

0

0 x

1

1

h(x)

2λ2

1+λ
1−2λ2

λ2
1−2λ2

λ2 1 − 2
λ2

2λ2

N
λ(1+λ)

N
λ(1+λ)

N
2(1+λ2)

N

Fig. 9.5. The density h of the invariant measure. The normalization factor is N = (2λ3 −λ−
2)/λ2
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CF,G(k) =
∫

dy
(
P k(Fh)

)
(y)G(y) ,

where P is the Perron–Frobenius operator

(
Pg

)
(y) =

∑

x:f(x)=y

g(x)
|f ′(x)| .

Note that since |f ′(x)| ≡ λ for our example, the Perron–Frobenius operator in
this case equals λ−1M when acting on functions that are constant on the four pieces
of the Markov partition. Therefore, on that space, its eigenvalues are given by

1 ,
λr,±
λ
≈ −0.884846± i 0.58973

1.76929
, and 0 .

It follows that for generic observables the correlation functions decay like

|CF,G(k)| � C

∣∣∣∣
λr,±
λ

∣∣∣∣
k

. (9.7)

This decay rate is slower than C|1/λ|k because |λr,±| ≈ 1.06320. We illustrate
these findings by numerical experiments in Fig. 9.6. The question is now whether

0 1 2 3 4 5 6 7 8 9 10 11 12

k

0 1 2 3 4 5 6 7 8 9 10 11 12

k

Fig. 9.6. A numerical study of the correlation function CF,G(k) (with F (x) = G(x) =
x − x0 where x0 is the average

∫
xh(x)dx and h the invariant density of Fig. 9.5) for the

1-dimensional Baladi map, from 3 · 107 data points. The upper graph shows the computed
values of CF,G(k) as dots and the theoretical curve const. Re(λr,+/λ)k. The lower graph
shows the same scaled vertically by |λr,+/λ|−k, and as dashed lines, rescaled by λk. Since
the data points fit the continuous curve, this shows that the decay rate is not given by the
inverse of the expansion rate!
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C �= 0. The matrix M has an eigenvector v1 = (α, β, β, γ) as defined in (9.6) corre-
sponding to the eigenvalue λ, a 2-dimensional eigen-subspace corresponding to the
eigenvalues λr,± (spanned by some vectors v2 and v3), and a fourth eigendirection
v4 = (0, 1,−1, 0) corresponding to the eigenvalue 0. These are also eigenspaces for
λ−1P . We see that if the function F ·h does not have any component in the subspace
spanned by v2, v3, then C = 0, and the decay of CF,G is faster than described in
(9.7). (Strictly speaking, we have shown this only for functions that are constant on
the pieces of the partition. The proof of the general case is left to the reader.) In all
other cases, C �= 0 and (9.7) describes the relevant decay rate. We will therefore say
that λr,±/λ are resonances (see (Ruelle 1986; 1987; Baladi, Eckmann, and Ruelle
1989)) because they can be avoided by choosing observables (with zero average) in a
subspace of codimension 2. See also (Collet and Eckmann 2004) for more details on
relations between Lyapunov exponents, decay of correlations, and resonances. This
ends Example 9.1.

One can see in the power spectrum (which is defined as the Fourier transform
of the correlation function) peaks of periodic components and fat spectrum from
noise of dynamical (chaotic) or experimental origin. For example, for the map x 
→
1 − 1.7x2 of the interval [−1, 1], Fig. 9.7 shows the correlation function and the
power spectrum.

The information correlation functions are another useful tool for analyzing time
series of dynamical systems. If U and V are two independent random variables, we
have obviously

P
(
U = a, V = b

)
= P

(
U = a

)
P
(
V = b

)
.

To test if the probability P
(
U = a, V = b

)
is a product, one uses the relative

entropy between this measure and the product measure

DU,V (a, b) =
∑

a,b

P
(
U = a

)
P
(
V = b

)
log

P
(
U = a, V = b

)

P
(
U = a

)
P
(
V = b

) .

One can also use the symmetrical expression

∑

a,b

P
(
U = a, V = b

)
log

P
(
U = a

)
P
(
V = b

)

P
(
U = a, V = b

) .

In practice, U is taken as the value of an observable at the initial time, and V its
value at a later time k : V = U ◦ fk. The ergodic theorem is used to compute the
probabilities (measure), it is simpler to use observables taking only finitely many
values.

Example 9.2. For the map x 
→ 1.8x2 on the phase space [−1, 1], we take, for exam-
ple, the characteristic function of the interval [0, 1] : U = χ[0,1]. Then

P (U = 1) = lim
N→∞

1
N

N−1∑

j=0

χ[0,1]

(
f j(x)

)
,
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Fig. 9.7. Correlation function and power spectrum for the map 1 − 1.7x2. The observable is
g(x) = x. The curves were obtained from 500 data points

and if V = U ◦ fk,

P (U = 1, V = 1) = lim
N→∞

1
N − k

N−k−1∑

j=0

χ[0,1]

(
f j(x)

)
χ[0,1]

(
f j+k(x)

)
.

Figure 9.8 shows the information correlation DU,V (1, 1) for the map x 
→ 1− 1.8x2

of the interval [−1, 1], as a function of k (with P as defined above).
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Fig. 9.8. Information correlation DU,V (1, 1) for the map 1 − 1.8x2. The graph was obtained
from 800 data points. See Example 9.2 for details

Exercise 9.3. In the above example, show that all the quantities involved in the de-
finition of D can be expressed in terms of P (U = 1, V = 1), P (U = 1), and
P (V = 1). Express P (U = 1, V = 1) in terms of a correlation function.

9.3 Lyapunov Exponents

Three main difficulties appear when one wants to measure Lyapunov exponents. Re-
call that from Oseledec’s theorem 5.72, we need to compute, for the map f and an
initial point x0, the quantity

(
M t

nMn)1/2n, where

Mn = An · · ·A1 ,

and where Aj = Dxj−1
f , xj = f j(x0), and M t

n denotes the transpose of Mn. We
also remind the reader that in general the order matters in a product of matrices.

Remark 9.4.

i) When n is large, one needs to worry about the most efficient way to compute
Mn, given that (the elements of) this matrix will in general grow exponentially
fast with n (if there is a positive Lyapunov exponent).

ii) If the phase space is known but not the transformation, we would still like to
estimate Aj = Dxj−1

f .
iii) Reconstruct the information in the phase space if it is unknown (for example, in

experimental contexts).
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We will deal with the three questions one by one, but we first explain a simpler
algorithm for the determination of the maximal exponent λ0. The idea is that two
typical nearby initial conditions x and y should separate exponentially fast with that
rate (namely for typical x and y we should have x − y /∈ E1(x), see (5.72)). Recall
also that in practice we want to use the (finite) orbit of a point x, namely

On(x) =
{
x, f(x), . . . , fn−1(x)

}
.

The algorithm consists in computing for a small fixed ε > 0 and several integers s
the quantity

LN (s, ε, x) =
1

N − s

N−s∑

j=0

log




1∣∣Uε

(
f j(x)

)∣∣
∑

y∈Uε

(
fj(x)

)
∥∥f j+s(x)− fs(y)

∥∥



 ,

where Uε

(
f j(x)

)
is the set of points y in the orbit On(x) at a distance less than ε

of f j(x). The idea is that each term in the sum should be of order εesλ0 . Hence, for
s not too small, one expects to see a linear behavior as a function of s (because of
the logarithm) with a slope giving a good approximation of λ0. However, if s is too
large, εesλ0 is larger than the size of the attractor, and we should observe a saturation.
The summations in the formula serve to eliminate fluctuations, and it is advisable to
compare the results for different values of ε.

Figure 9.9 shows the graph of L2000(s, ε, x) as a function of s for the Hénon
map (see Example 2.31) and an initial condition chosen at random according to the
Lebesgue measure.

We now discuss the general case where one would like to compute several (all)
Lyapunov exponents. This is often numerically difficult, in particular if there are
many exponents. Several methods have been proposed, and we will briefly explain
one of them based on the QR decomposition. Recall that any real matrix M can be
written as a product M = QR with Q a real orthogonal matrix and R a real upper
triangular matrix (see (Horn and Johnson 1994; Johnson, Palmer, and Sell 1987;
Mera and Morán 2000)). This leads to a convenient recursive computation. Assume
that we have the QR decomposition of the matrix Mn, namely Mn = QnRn (Qn

orthogonal, Rn upper triangular with positive diagonal elements). It follows from
Theorem 5.72 that the logarithms of the diagonal elements of Rn (the eigenvalues)
divided by n converge to the Lyapunov exponents.

The algorithm starts with Q0 and R0 the identity matrices. Then, M1 = A1Q0,
which, by the QR decomposition can be written as M1 = Q1U1 with Q1 orthog-
onal and U1 upper triangular with positive diagonal. Define R1 = U1R0, which is
again upper triangular. Now proceed by induction. Since Mn+1 = An+1Mn, we
have Mn+1 = An+1QnRn. Perform the QR decomposition of the matrix An+1Qn,
namely An+1Qn = Qn+1Un with Qn+1 orthogonal and Un upper triangular. We
then have Mn+1 = Qn+1UnRn and we define the upper triangular matrix (with
positive diagonal) Rn+1 = UnRn. This leads to the QR decomposition of Mn+1. In
practice it is therefore enough to keep at each step the matrix Qn and to accumulate
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Fig. 9.9. The function s �→ L2000(s, ε = 0.05, x) for the Hénon map (full line) and a line of
constant slope (dashed line)

the logarithms of the absolute values of the diagonal elements (eigenvalues) of the
matrices Un to find the Lyapunov exponents. Note that since one accumulates loga-
rithms instead of multiplying numbers, numerical overflows (or underflows) are less
likely. Since the matrices Qn are orthogonal, they cannot overflow.

This method is illustrated in Fig. 9.10 for the Hénon map (see Example 2.31)
with the parameters a = 1.4, b = 0.3. The figure shows how the result evolves when
varying the number of iterations. The top curve corresponds to the positive exponent,
the bottom curve to the negative one. In the case of the Hénon map, the determinant
of the differential of the map is constant and equal to −b. Therefore, the sum of the
exponents should be equal to log |b|. This sum minus log |b| is the dashed curve in
Fig. 9.10.

Remark 9.5. Some simple facts sometimes help for the computation or for checking
the numerical accuracy.

i) If the map is invertible, the inverse map has the opposite exponents (for the same
measure).

ii) If the volume element of the phase space is preserved by the dynamics (the
Jacobian of the map is of modulus one, or the vector field is divergence free),
the sum of the exponents is zero. This generalizes immediately to the case of
constant Jacobian (respectively constant divergence) as in the Hénon map.

iii) For symplectic maps, if λ is a Lyapunov exponent, −λ is also a Lyapunov expo-
nent.
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Fig. 9.10. The two Lyapunov exponents for the Hénon map (solid lines) and their sum minus
log |b|, as a function of the number of iterations used in the algorithm

iv) For continuous time dynamical systems one can make a discrete time sampling
and use the above technique. There is also a direct QR method for continuous
time systems.

Frequently, the differential Dxf of the map f is not known explicitly. In that case,
one can try to use Taylor’s formula. However, two difficulties appear. One we already
mentioned is that only a single finite orbit On is available. The other one is that in
practice the data are often corrupted by some noise (numerical or experimental).
In other words, instead of having a sequence x1, . . . , xn with f

(
xj

)
= xj+1, one

observes (records) y1, . . . , yn with

yj = xj + εj . (9.8)

It is often assumed that the εj form a sequence of independent Gaussian random
variables. This is a convenient assumption but not always verified.

The idea of one of the algorithms to estimate the differential is as follows, in
the case without noise. Let On be an orbit of length n. Let x be a point where we
want to estimate Dxf (x need not belong to On). Let Ux be a small neighborhood
of x. Assume that we have a point x� of On in Ux, this means that x� is near x. By
Taylor’s formula we find

x�+1 = f
(
x�

)
= f(x) + Dxf

(
x� − x

)
+O

(
‖x� − x‖2

)
.

Neglecting the quadratic term, this can be written
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x�+1 = c + A
(
x� − x

)
, (9.9)

where c = f(x) is a vector in the phase space Rd and A = Dxf is a d×d matrix with
real entries. If we know c (if x is in the orbit On), we need to recover only A and
therefore we need d2 independent equations for the entries. These equations come
from relations (9.9) for different � if we have at least d points of the orbit On inside
the neighborhood Ux, since each relation (9.9) leads to d linear equations (we may
need more points if some of these equations are not independent). If c is unknown (if
x is not in the orbit On), we can at the same time recover c = f(x) and A = Dxf
but then we need at least d+1 points of the orbit inside the neighborhood Ux. In the
presence of noise, we have using (9.8),

y�+1 = ε�+1 + f
(
x�

)
= ε�+1 + f

(
y� − ε�

)

= ε�+1 + f(x) + Dxf
(
y� − x)−Dxfε� +O

(
‖y� − x‖2

)
+O

(
‖ε�‖2

)
.

Neglecting the quadratic terms, we have with the previous notations

y�+1 = c + A
(
y� − x) + ε�+1 −Dxfε� .

This is the classical problem of estimating an affine transformation in the presence
of noise. Note that from our assumptions, ε�+1 and Dxfε� are independent and
Gaussian with zero average. To solve this estimation problem, one can, for exam-
ple, use a least square algorithm. In the case where f(x) is known this leads to

A = argminB

∑

yj∈Ux

∥∥yj+1 − f(x)−B
(
yj − x

)∥∥2 .

Here argminzH(z) is the value of the argument z for which H(z) attains its mini-
mum. If, finally, even the map f(x) is unknown, one can use the algorithm

(c, A) = argmin(b,B)

∑

yj∈Ux

∥∥yj+1 − b−B
(
yj − x

)∥∥2 ,

to estimate f(x) and Dxf simultaneously.

Remark 9.6.

i) This and related methods have been proposed to perform noise reduction since
we recover the deterministic quantity f(x) out of the noisy data y1, . . . , yn.

ii) This algorithm also performs a prediction of the future orbit of the initial con-
dition x. Having predicted f(x), one can repeat the algorithm at this new point.
We refer to (Kantz and Schreiber 2004) for more on this method and references.

Remark 9.7. The choice of the size of the neighborhood Ux is important and relates
to two competing constraints.
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i) The neighborhood Ux should be small enough so that quadratic terms are indeed
negligible. Some authors have proposed to take the quadratic corrections into
account but the numerics become of course much heavier. If Ux is too large, the
nonlinearities are not negligible and fake exponents may appear. These spurious
exponents are often multiples of other ones. If one observes this phenomenon of
having an exponent multiple of another one, it is advisable to diminish the size
of the neighborhood and see if this relation persists.

ii) If the neighborhood Ux is too small, the statistics in the least squares fit may be-
come poor. The neighborhood may even contain fewer than the d points needed
to solve the problem in the deterministic case.

iii) In practice one should use neighborhoods of various sizes and compare the re-
sults.

iv) We refer to (Eckmann and Ruelle 1985a; Ruelle 1989a) for the theory and to
(Eckmann, Kamphorst, Ruelle, and Ciliberto 1986; Geist, Parlitz, and Lauter-
born 1990; Kantz and Schreiber 2004) and the software (Tisean 2000; Tstool
2003) for more details on the numerical implementation and discussion of the
results.

9.4 Reconstruction

Contrary to the case of numerical simulations, when one deals with experimental
data, the phase space is not known in a true physical experiment, for example in
fluid dynamics. For partial differential equations, for example, the phase space is
often infinite dimensional but one has a finite dimensional attractor. As explained
above, the system is observed through the time evolution of a real (or vector valued)
observable, namely one has a recording of a real (or vector valued) sequence (9.1).
The initial condition x is of course unavailable and the observation may be corrupted
by noise. What can be done in this apparently adverse context? A reconstruction
method that is based on the shift has been developed by F. Takens. One first fixes
an integer d for the dimension of the space where the attractor and the dynamics are
to be reconstructed (we will discuss the best choice later). From the data (9.1) one
constructs a sequence of d dimensional vectors Z0, Z1, . . . , ZN−d by

Z0 =




Xd−1

...
X0



 , Z1 =




Xd

...
X1



 , · · · , ZN−d =




XN

...
XN−d+1



 .

In other words, we define a map Φ from the phase space Ω to Rd by

Φ(x) =




g
(
fd−1(x)

)

...
g(x)



 . (9.10)

If the observable g is regular, Φ is regular but in general not invertible. This map
(semi) conjugates the time evolution f and the shift S, namely S ◦Φ = Φ◦f . Indeed
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Zn−1 =




Xn+d−2

...
Xn−1



 =




g
(
fn+d−2

(
x
))

...
g
(
fn−1

(
x
))





and therefore

SZn−1 = SΦ
(
fn−1(x)

)
=




Xn+d−1

...
Xn



 =




g
(
fn+d−1

(
x
))

...
g
(
fn

(
x
))





=




g
(
fn+d−2

(
f(x)

))

...
g
(
fn−1

(
f(x)

))



 = Φ
(
fn−1

(
f(x)

))
.

Remark 9.8. One cannot expect to get information outside the attractor. Indeed, after
a transient time (which may be quite short), the orbit of the initial condition x is very
near to the attractor.

We discuss next some of the well-known results about the reconstruction of man-
ifolds. A simplified formulation is as follows. A natural question is: given a (regular)
manifold H of dimension d, in a space of dimension n (n could be infinite), what is
the minimal dimension m for which one can reconstruct accurately H in Rm? More
precisely, find a map Φ from H to Rm which is regular, injective and whose inverse
(defined only on the image) is regular (and injective). This is called an embedding.

An important theorem of Whitney says that this can be done if m ≥ 2d+1. Note
that this bound does not depend on n (see, for example, (Hirsch 1994)).

Another important (and more difficult) theorem of Nash (see (Nash 1956) for
details) says that a compact (bounded) Riemannian manifold (i.e., a hypersurface
with a metric) can be embedded in Rm with its metric if m ≥ d(3d + 11)/2.

Figure 9.11 is an example of a curve, (d = 1) in R3 (n = 3). Many projections
have a double point but some do not. For the latter there is an embedding in R2.

Mañé (Mañé 1981) proved a result for the projections of manifolds (which ex-
tends to fractal sets) which is analogous to Whitney’s theorem. If K is a set of dimen-
sion D (not necessarily integer), almost all projections over subspaces of (integer)
dimension m > 2D + 1 are injective (they separate the points). The difference with
Whitney’s theorem is that here we use projections, Whitney’s theorem says there is
an embedding. In the preceding example of a curve one gets m = 4.

Unfortunately, all the results like Whitney’s theorem, Nash’s theorem, or Mañé’s
theorem for Cantor sets are not very useful in the present context because we require
a mapping of the special form (9.10). Such special mappings have sometimes some
unpleasant behaviors that should be avoided. For example, if a and b are two fixed
points in Ω (namely f(a) = a and f(b) = b) such that g(a) = g(b), then it follows
immediately from the definition (9.10) that Φ(a) = Φ(b); hence, Φ is not injective.
Similar anomalies occur for periodic orbits and this led F. Takens to consider the
generic case for g and f .
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Fig. 9.11. Top: A curve in three dimensions. Bottom: Its projection onto the x-y plane has a
double point

Remark 9.9. A similar reconstruction approach can be used in the case of continuous
time, and similar difficulties occur. Assume that the flow ϕt has a periodic orbit C
(cycle) which is stable and of (finite) period τ > 0. Assume also that C is a C0

submanifold. Define a discrete time evolution f by f = ϕτ . Then every point of C is
a fixed point of f . Since C is a closed curve and g is continuous, g(C) is a segment
and Φ(C) is a segment of the diagonal in Rd. Hence, there are certainly at least two
points of C which are identified through Φ even if g is not constant on C.

We now state the Takens reconstruction theorem (Takens 1981).
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Theorem 9.10. For a generic transformation f with an attractor A of (Hausdorff)
dimension D, and for a generic real valued observable g, the map (9.10) is an em-
bedding of A in Rd if d > 2D.

The number d is called the embedding dimension.

Remark 9.11.

i) As we have seen earlier, attractors may have noninteger dimension.
ii) We have not specified the exact genericity conditions above, because there are

several variants. In Takens’ work generic is in the sense of Baire’s second cat-
egory (a countable intersection of open dense sets). The same result has been
proven for other genericity conditions, for example of probabilistic nature (this
has to be defined with some care because the spaces of maps and observables
are in general infinite dimensional, see (Sauer, Yorke, and Casdagli 1991)). The
genericity conditions avoid the problems we have mentioned above for the maps
of the form (9.10). One can list a number of conditions for which the conclusions
of Theorem 9.10 hold, but they are hard to check in specific examples. Theorem
9.10 states that “in general” things should work fine. This is why in experiments,
the conditions of the theorem are tacitly assumed.

iii) Note that imposing symmetry properties (for example of the observable g) may
break genericity.

In practice, one does not know a priori the dimension of the attractor, and there-
fore the dimension d of the reconstruction space to use. One tries several values for
d and applies various criteria to select an adequate one. One of them is the false
neighbors criterion. If d is too small, then by accident two widely separated points a
and b of the phase space may be mapped to nearby points by Φ (recall the example
of the projection of a 3-dimensional curve on a plane in Fig. 9.11, very often the
projected curve self-intersects even if the original curve does not). However, this ac-
cidental effect should not persist for the iterates by the map f of the points a and b.
At least some of the first few iterates should be reasonably separated from each other.
In practice, one selects a number δ > 0 much smaller than the size of the image of
the attractor, and considers all the pairs of points at a distance less than δ. For each
such pair, one looks at the image pair, and if for one pair one gets a large distance,
then the reconstruction dimension is suspected to be too small.

Remark 9.12. Note that by continuity of Φ and f , if we consider two nearby initial
conditions, their first few iterates should be close. Therefore, if there is a pair of
points at distance less than δ, the images should not be far apart. If they are, we have
the above problem of a too small embedding dimension.

In principle, there is no problem in using a large reconstruction dimension. How-
ever, the statistics of the different measurements will be poorer. When discussing
the measurement of dimension, we will come across another criterion to select a re-
construction dimension. It is wise to use as many criteria as available (see also the
Kaplan–Yorke bound in Theorem 6.27).
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We refer to (Takens 1981; Sauer, Yorke, and Casdagli 1991; Kennel and Abar-
banel 2002) and (Stark 2000) for proofs and references and to (Gibson, Farmer, Cas-
dagli, and Eubank 1992; Kantz and Schreiber 2004) for more on the implementation
of these techniques.

For partial differential equations, there is a reconstruction involving the (physi-
cal) space. Consider a nonlinear PDE in a bounded space domain D. For example,
the Ginzburg–Landau equation

∂tA = ∆A + A−A|A|2

with A : R+ ×D → C and some boundary condition on ∂D. The phase space Ω is
infinite dimensional. For example, the space of regular functions on D (with square
summable Laplacian):

∫
D dx

(
|A|2(t, x) + |∇A|2(t, x)

)
< ∞. Then a semiflow is

well-defined (but going backward in time is mostly explosive). One can prove that
there is a finite dimensional attracting set (in the infinite dimensional phase space).
The dimension of this attracting set is proportional to the size of the domain D (pro-
vided there is some uniformity on the boundary condition).

Moreover, there exists an inertial manifold (see Sect. 3.3 for the definition). Re-
call that this is an invariant manifold (hypersurface) of finite (integer) dimension that
attracts transversally all the orbits and contains the attractor. Points of the attractor
can be distinguished by a (fine enough) discrete set in D (see (Jones and Titi 1993)).
In other words, there is a number η > 0 such that if a set of points M in D does not
leave any hole of size η, then if two functions A1 and A2 of the attractor are equal
at each point of M , they are equal everywhere in D. This result is known under cer-
tain conditions on the equation and for regular domains. It is still an open problem
for the Navier–Stokes equation, even in dimension 2. The number η depends on the
equation, and in particular of the size of the coefficients. The cardinality of M is
proportional to the volume.

9.5 Measuring the Lyapunov Exponents

Here, we want to describe how the method of Sect. 9.3 is applied to an experimental
context in which a reconstruction is the only way to get information. One chooses
an embedding dimension d as in Sect. 9.4. One applies first the technique explained
above to reconstruct the system. Note that because of the special form of the recon-
struction, the tangent (reconstructed) map has a special form





0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

a1 a2 a3 · · · ad



 .

Remark 9.13.

i) We have seen that fake exponents may appear as multiples of true exponents if
the nonlinearities are not negligible.
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ii) In the reconstruction, fake exponents can also appear because of the numerical
noise in the transverse directions of the reconstructed attractor.

iii) The reconstruction dimension is often larger than the dimension of the attractor,
and the negative Lyapunov exponents are polluted by noise (fake zero exponents
may appear).

iv) These fake exponents are in general unstable by time inversion (if the map is
invertible one can look for the exponents of the inverse). It is also useful to
explore changes in the various parameters of the algorithms.

v) It is in general difficult to determine several exponents, especially the negative
ones.

vi) For the positive exponents, one can try to reduce the dimension to the number
of positive exponents. For this purpose, one can use only some components of
the reconstruction. For example, if one uses a reconstruction dimension d = pq
with p and q integers, one can consider the subspaces

(
g(x), g(fq−1(x)), . . . , g(fpq−1(x))

)
,

when trying to measure the p largest exponents.

We refer to (Mera and Morán 2000) for conditions and proofs that show when the
above methods converge to the correct result, and to (Abarbanel 1996; Kantz and
Schreiber 2004; Schreiber 1999) for more results, methods, and references.

9.6 Measuring Dimensions

We now come to the question of measuring the dimension of an ergodic invariant
measure µ. The reader should be aware that there are many different definitions
around, and we will just concentrate on a few. In particular, if one considers a dynam-
ical system with an invariant measure µ, there are two basic choices: The dimension
of the support of the measure, and the dimension of measure itself. This second
choice is the more natural one from the physicist’s point of view, since it takes into
account not only which points are visited by the orbit, but also how often a point (or
its neighborhood) is visited. Therefore, we stick to the second choice here.

The idea is the following. Assume that for most points x in the support of the
measure

µ
(
Br(x)

)
≈ rdH(µ) ,

then obviously

dH(µ) ≈
logµ

(
Br(x)

)

log r
.

Remark 9.14. In some cases the above assumption fails, see (Ledrappier and Misi-
urewicz 1985).
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To increase the statistics, a better formula would be something like

dH(µ) = lim
r↘0

∫
log µ

(
Br(x)

)

log r
dµ(x) . (9.11)

Numerical simulations performed on several systems suggest that this quantity con-
verges slowly to its limit, moreover it is not easy to compute from a numerical
time series (one finite orbit). For these reasons another definition is often adopted,
which was proposed in (Grassberger and Procaccia 1984). It is usually called the
Grassberger–Procaccia algorithm.

Consider the function of r > 0

C2(r) =
∫

µ
(
Br(x)

)
dµ(x) . (9.12)

One defines the correlation dimension as

d2(µ) = lim
r↘0

logC2(r)
log r

if the limit exists. A first guess is that this quantity should be equal to dH(µ) since the
integrands in (9.11) and (9.12) are similar. It turns out that d2(µ) ≤ dH(µ) (because
of Jensen’s inequality—the logarithm of the integral is larger than or equal to the
integral of the logarithm—and the negativity of log r for small r).

Exercise 9.15. Consider the map x 
→ 2x (mod 1) and the ergodic invariant mea-
sure µp of Exercise 5.21. Show that for p �= 1/2, d2(µ) �= dH(µ).

The quantity C2(r) is statistically rather stable and easy to compute from a nu-
merical time series as we shall see now.

Assume that we are given a trajectory in the phase space x1, x2, . . . (an orbit).
We will apply twice the ergodic theorem to obtain a (asymptotic) formula for the
function C2(r).

By the ergodic theorem 5.38 we have almost surely

∫
µ
(
Br(x)

)
dµ(x) = lim

n→∞

1
n

n∑

j=1

µ
(
Br(xj)

)
.

We can now use again the ergodic theorem to determine µ
(
Br(xj)

)
. Let θ denote

the Heaviside function on R (the function equal to 1 on the positive real numbers
and equal to 0 on the negative ones). We have

µ
(
Br(xj)

)
= lim

m→∞

1
m

m∑

k=1

θ
(
r − d(xk, xj)

)
,

where d is the distance on the phase space. We can now put these two formulas
together and obtain the following algorithm:
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C2(r) = lim
N→∞

1
N2

N∑

p=1

N∑

q=1

θ
(
r − d(xp, xq)

)
. (9.13)

We mention a rigorous result in the context of the above formal manipulation.

Theorem 9.16. Formula (9.13) holds almost surely at any point where C2(r) is con-
tinuous.

We refer to (Manning and Simon 1998) and (Serinko 1996) for a proof.
We now discuss some of the practical issues in using formula (9.13) to measure

the dimension. To give a first idea, we show in Fig. 9.12 the function C2(r) for the
Hénon map (see Example 2.31). For more extensive discussions, see (Grassberger,
Schreiber, and Schaffrath 1991; Kantz and Schreiber 2004).
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C2(r)

Fig. 9.12. The function C2(r) for the Hénon map. The dimension d2(µ) is then obtained by
fitting a linear curve to the log–log plot

Remark 9.17. Several practical difficulties in measuring the correlation dimension
d2(µ) can appear:

i) Strong local correlations may occur. For example, if one samples a flow xj =
ϕjτ

(
x0

)
. If τ is too small, by continuity there is a strong correlation between xj

and xj+1. To avoid these problems, the summation is extended only on those p
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and q with |p− q| > K, K large enough, of order 1/s, where s is an estimate of
the decorrelation time. This time scale can be obtained by looking at the signal
(for example, the change of side in the Lorenz system), by looking at the decay
of correlation function or by other means. For example, in (Fraser and Swinney
1986), the natural time is defined as the one that maximizes mutual information.

ii) Another difficulty is the presence of noise. A white noise corresponds to an
attractor of infinite dimension. If the noise has amplitude ε, its influence will
be noticeable only if r is of order ε or smaller. Above this value, one expects that
the noise averages out. One can hope for a power law behavior of C2(r) only for
a range of values of r which must be
a) small enough for the (dynamical) fluctuations of logµ

(
Br(x)

)
/ log r to be

small and
b) large enough to be above the noise.

iii) One also uses other kernels than the Heaviside function, like, for example, a
Gaussian.

For some “good” systems there is a theoretical bound on the fluctuations of C2.
In the general case one expects less good bounds.

For some systems where exponential or Devroye estimates are available, the stan-
dard deviation of C2(r,N) can be bounded by N−1/2r−1. If one wants to see the
power law behavior above the dynamical fluctuations, one needs

rd2(µ) $ 1
N1/2r

.

In other words,

r $ 1
N1/(2d2(µ)+2)

or N $ 1
r2d2(µ)+2

.

If one has an a priori idea on the value of d2(µ), one can guess a value for N . For
the Hénon map this gives r $ N−0.21, which leads to N ∼ 60,000 for r > 0.1.
These bounds are often pessimistic (they are for the worst cases). But they may give
an order of magnitude.

We refer to (Eckmann and Ruelle 1992; Procaccia 1988; Borovkova 1998;
Borovkova, Burton, and Dehling 1999; Bosq, Guégan, and Léorat 1999; Cutler 1994;
Keller 1997; Keller and Sporer 1996; Schouten, Takens, and van den Bleek 1994a;b;
Takens 1996; 1998; Olofsen, Degoede, and Heijungs 1992) for more results and ref-
erences.

From a practical point of view, one looks in the graph of C2(r) for a range of
intermediate values of r where this function looks like a power of r. Logarithmic
scales are convenient in a first approach. The method is commonly known as the
Grassberger–Procaccia algorithm (Grassberger and Procaccia 1984).

With the exception of numerical simulations, one works with reconstructed at-
tractors. It is useful to look at the results for different values of the reconstruction
dimension. If the observed dimension (slope of the log–log plot of C2(r)) is equal to
the reconstruction dimension, this probably means that the dimension of the attractor
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Fig. 9.13. The function C2(r) for the x component of the Hénon map and several reconstruc-
tion dimensions with noise of standard deviation 0.05

has not yet been reached. One should then increase the reconstruction dimension. It
is useful to plot the measured dimension as a function of the reconstruction dimen-
sion and to look for a saturation when a reconstruction dimension is large enough to
obtain an embedding. One should also verify the coherence of the different estimates
of the reconstruction dimension such as false neighbors. The influence of the noise
at small r is clearly visible in Fig. 9.13, which shows the function C2(r) for the x
component of the Hénon map and several reconstruction dimensions with noise of
standard deviation 0.05.

Estimating the slope of the function C2(r) is not an easy task, especially if the
power law is valid only on a restricted range (limited by dynamical fluctuations at
small—log r and by noise at large—log r). Several statistical papers have dealt with
this problem using linear interpolation, maximum likelihood, derivative estimates,
and others. Here is one of the proposed formulas (with no claim that it is universally
better than others):

d2(µ) =
−Ns∑Ns

i=1 log(ri) + N� log r�

,

where the power law range is [r�, ru], and it contains Ns points r1, . . . , rNs
, while

the range [0, r�] contains N� points. Statistical studies of this estimator or of similar
ones allow to construct confidence intervals, see (Ellner 1988; Olofsen, Degoede,
and Heijungs 1992; Theiler and Lookman 1993).
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9.7 Measuring Entropy

To measure the entropy, one uses the Brin–Katok formula (6.5). As in the case of the
correlation dimension, to compute µ

(
V (x, ε, n)

)
, we apply the ergodic theorem. For

µ-almost all z,

µ
(
V (x, ε, n)

)
= lim

N→∞

1
N

N−1∑

j=0

χV (x,ε,n)

(
f j(z)

)
,

= lim
N→∞

1
N

N−1∑

j=0

n−1∏

�=0

θ
(
ε− d

(
f �(x), f �+j(z)

))
.

This formula is analogous to the formula used to compute the correlation dimension
(9.13) and similar algorithms are used in practice. One then uses the Brin–Katok
formula (6.5), namely

hµ(f) = lim
δ↘0

lim inf
n→∞

− 1
n

logµ
(
V (x, f, δ, n)

)
.

9.8 Estimating the Invariant Measure

As we have seen, one has rarely access to the phase space but only to an image of
it. In particular, as was emphasized several times, we may have only a time series
corresponding to the observation of the system through an observable g, namely a
finite sequence of real numbers y1, . . . , yn satisfying

yj = g
(
f j−1(x)

)

for an initial condition x on the phase space which in general is unknown. In partic-
ular, we have only an image µg of the invariant measure µ through g, namely

µg = µ ◦ g−1 .

To determine µg , one can use the empirical distribution function

Fn,g(t) =
1
n

n∑

j=1

θ
(
t− yj

)
=

1
n

n∑

j=1

θ
(
t− g

(
f j−1(x)

))
.

If the measure µ is ergodic, one concludes immediately from Birkhoff’s ergodic the-
orem 5.38 that for µ-almost every x, this sequence of random functions converges to
the distribution function of µg , Fg(t) = µg(−∞, t]. In the case of independent ran-
dom variables, this is the Glivenco–Cantelli theorem (see, for example, (Borovkov
1998)). Again, in the case of independent random variables (under some minor hy-
potheses), the fluctuations are known. More precisely, a celebrated theorem of Kol-
mogorov establishes that the L∞ norm of the difference between the empirical dis-
tribution function and the true one, multiplied by n1/2 converges in law to a random
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variable whose distribution is known explicitly (see (Borovkov 1998)). This leads
to the well-known Kolmogorov–Smirnov nonparametric test (see (Borovkov 1998)).
One may wonder if similar results hold for dynamical systems. For piecewise ex-
panding maps of the interval with an absolutely continuous invariant measure, and
the observable g(x) = x (which is enough in that case), this question was considered
in (Collet, Martı́nez, and Schmitt 2002). There, it was proven that the process

√
n
(
Fn,g(t)− Fg(t)

)

converges to a Gaussian bridge (in general not a Brownian bridge, not even for the
map 2x (mod 1)). By “bridge,” one means a process that is tied down at both ends,
not just at the beginning.

From this result one can derive powerful nonparametric tests. We refer to (Col-
let, Martı́nez, and Schmitt 2004b) for the details. In (Chazottes, Collet, and Schmitt
2005b) this question was also considered for some nonuniformly hyperbolic systems.

We derive here for the case of piecewise expanding maps of the interval a general
estimate following from the exponential estimate (see also (Collet, Martı́nez, and
Schmitt 2004b; Doukhan and Louhichi 1998; 2001) and (Prieur 2001b;c)).

Theorem 9.18. Let f be a dynamical system on a phase space Ω, and let µ be an
ergodic invariant measure satisfying the exponential estimate (7.10). Then there are
two positive constants Γ1 and Γ2 such that for any real valued Lipschitz observable g
for which g∗µ is absolutely continuous with bounded density and for which ‖g‖L∞ ≤
1 we have

P
(

sup
t

∣∣Fn,g(t)− Fg(t)
∣∣ > sn−1/4

)
≤ Γ1

√
n s−2e−Γ2s

4

.

Remark 9.19. The assumption ‖g‖L∞ ≤ 1 is only for convenience, one can rescale
the result by replacing g by g/‖g‖L∞ . Note that from this assumption, it is enough
to consider t ∈ [−1, 1] in the theorem.

Proof. The difficulty here is that the function θ entering the definition of the empiri-
cal distribution Fn,g is not Lipschitz. To be able to apply nevertheless the exponential
inequality, we will sandwich the function θ between two Lipschitz functions. For a
positive number γ (small in the application), we define the function θγ by

θγ(s) =






0 , if s < 0
s/γ , if 0 ≤ s ≤ γ

1, if s ≥ γ

.

We now define the random function Fn,γ,g by

Fn,γ,g(t) =
1
n

n∑

j=1

θγ

(
t− g ◦ f j−1

)
.

It is easy to verify that for any real s we have
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θγ(s) ≤ θ(s) ≤ θγ(s + γ) , (9.14)

which immediately implies for any t,

Fn,γ,g(t) ≤ Fn,g(t) ≤ Fn,γ,g(t + γ) . (9.15)

Note that Fn,γ,g(t) is now a Lipschitz function in t with Lipschitz constant γ−1.
Therefore, if δ > 0 is a (small) number to be optimally chosen later, we have

∣∣∣∣sup
t

(
Fn,γ,g(t)− Fγ,g(t)

)
− sup

p

(
Fn,γ,g(pδ)− Fγ,g(pδ)

)∣∣∣∣ ≤ 2γ−1δ , (9.16)

where
Fγ,g(t) = E

(
θγ

(
t− g( · )

))
.

This estimate is of course interesting only if γ−1δ < 1.
We now consider the function Kn,γ,g of n variables z1, . . . , zn given by

Kn,γ,g(t) =
1
n

n∑

j=1

θγ

(
t− g(zj)

)
.

This function is obviously componentwise Lipschitz, and it is easy to verify that for
each variable its Lipschitz constant defined in (7.9) is bounded by

Lj

(
Kn,γ,g

)
≤

γ−1Lg

n
,

where Lg is the Lipschitz constant of the observable g. Therefore, from Pisier’s in-
equality, we get for any real number β

E

(
exp

(
β sup

−δ−1(1+γ)≤p≤δ−1(1+γ)

(
Fn,γ,g(pδ)− Fγ,g(pδ)

))
)

≤
∑

−δ−1(1+γ)≤p≤δ−1(1+γ)

E

(
eβ
(
Fn,γ,g(pδ)−Fγ,g(pδ)

))
,

where, as we have seen already several times, the expectation is taken over the
measure

dµ
(
z1
) n−1∏

j=1

δ
(
zj+1 − f(zj

)
.

Using the exponential inequality (7.10), we get

E

(
exp

(
β sup

−δ−1(1+γ)≤p≤δ−1(1+γ)

(
Fn,γ,g(pδ)− Fγ,g(pδ)

))
)
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≤ 2δ−1(1 + γ)C1e
C2β

2
γ
−2

L
2
g
/n .

If ε1 is a (small) positive number, Chebyshev’s inequality implies

P

(
sup

−δ−1(1+γ)≤p≤δ−1(1+γ)

(
Fn,γ,g(pδ)− Fγ,g(pδ)

)
> ε1

)

≤ 2δ−1(1 + γ)C1e
−βε1eC2β

2
γ
−2

L
2
g
/n ,

and this inequality holds for any real β. Using the estimate (9.16), this implies for
any ε1 > 0,

P

(
sup

t

(
Fn,γ,g(t)−Fγ,g(t)

)
> ε1 + 2γ−1δ

)
≤2δ−1(1+γ)C1e

−βε1eC2β
2
γ
−2

L
2
g
/n .

Define the function ωg(γ) by

ωg(γ) = sup
t

(
Fg(t)− Fγ,g(t)

)
.

We then have immediately from inequality (9.15)

P

(
sup

t

(
Fn,γ,g(t)− Fg(t)

)
> ε1 + 2γ−1δ + ωg(γ)

)

≤ 2δ−1C1(1 + γ)e−βε1eC2β
2
γ
−2

L
2
g
/n .

It follows immediately from (9.14) and the boundedness of the density of g∗µ that
there is a constant C3 > 0 such that for any γ > 0 we have

ωg(γ) ≤ C3γ ,

the optimal choice of δ and γ in the quantity

ε1 + γ−1δ + ωg(γ)

is (up to constant factors)
γ = δ1/2 = ε1 .

The optimal choice of β is

β =
nε1γ

2

2C2L
2
g

,

and we get for some positive constants Γ1 and Γ2 independent of n and s > 0

P
(

sup
t

∣∣Fn,g(t)− Fg(t)
∣∣ > sn−1/4

)
≤ Γ1

√
n s−2e−Γ2s

4

.

��
Although this estimate is asymptotically weaker than the convergence in law to

a Gaussian bridge as in the Kolmogorov–Smirnov test, it allows however to obtain
rather strong tests.

Results on kernel density estimates in the case of absolutely continuous invariant
measures can be found in (Chazottes, Collet, and Schmitt 2005a; Bosq and Guégan
1995) and (Bosq 1995; Prieur 2001a).
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Poincaré section 11
potential 93
Potts model 154
power spectrum 194
prediction 200
preimage of order n 114
preimages 112
pressure 93
pressure function 148
probability measure 94
probability space 94

QR decomposition 197
quadratic family 18
quasi-invariant distribution 177
quasi-invariant measure 177

random number generators 18
reconstruction 201

record 173
rectangle 72
relative entropy 194
renewal process 92
resonance 59, 191
return time 163

semiflow 10
sensitive dependence on initial conditions

116
shadowing 65
shift 19, 28
short range interaction 155
skew-product 21
slaving 43
solenoid map 15
SRB 114
SRB measure 132
stable 9
stable fixed point 54
stable manifold 48, 51
stable manifold with exponent 131
standard map 21
states 10
stochastic perturbation 179
stochastic stability 180
strange attractors 39
strongly stable manifold 6
subadditive ergodic theorem 102
subadditivity property 33
subshift of finite type 19
supercritical 6
suspension flow 11
Swiss Chocolate Theorem 31

Takens reconstruction theorem 203
tangent bundle 45
tangent map 46
time evolution 10
topological entropy 33
trajectory 10
transition matrix 73
transverse measure 132
triangle inequality 30
turbulence 25

ultrametric 92
uniformly hyperbolic set 60
unilateral shift 19



230 Index

unimodal map 18

unimodal maps 37

unstable fixed point 54

unstable manifold 48, 51

unstable manifold with exponent 131

vector field 6

wandering 63

Yaglom limit 177
Young inequality 182



Theoretical and Mathematical Physics

Concepts and Results in Chaotic Dynamics:
A Short Course
By P. Collet and J.-P. Eckmann

The Theory of Quark and Gluon Interactions
4th Edition
By F. J. Ynduráin

—————————————–

Titles published before 2006 in Texts and Monographs in Physics

The Statistical Mechanics of Financial
Markets
3rd Edition
By J. Voit

Magnetic Monopoles
By Y. Shnir

Coherent Dynamics of Complex Quantum
Systems
By V. M. Akulin

Geometric Optics on Phase Space
By K. B. Wolf

General Relativity
By N. Straumann

Quantum Entropy and Its Use
By M. Ohya and D. Petz

Statistical Methods in Quantum Optics 1
By H. J. Carmichael

Operator Algebras and Quantum Statistical
Mechanics 1
By O. Bratteli and D. W. Robinson

Operator Algebras and Quantum Statistical
Mechanics 2
By O. Bratteli and D. W. Robinson

Aspects of Ergodic, Qualitative
and Statistical Theory of Motion
By G. Gallavotti, F. Bonetto and G. Gentile

The Frenkel-Kontorova Model
Concepts, Methods, and Applications
By O. M. Braun and Y. S. Kivshar

The Atomic Nucleus as a Relativistic System
By L. N. Savushkin and H. Toki

The Geometric Phase in Quantum Systems
Foundations, Mathematical Concepts,
and Applications in Molecular and Condensed
Matter Physics
By A. Bohm, A. Mostafazadeh, H. Koizumi,
Q. Niu and J. Zwanziger

Relativistic Quantum Mechanics
2nd Edition
By H. M. Pilkuhn

Physics of Neutrinos
and Applications to Astrophysics
By M. Fukugita and T. Yanagida

High-Energy Particle Diffraction
By E. Barone and V. Predazzi

Foundations of Fluid Dynamics
By G. Gallavotti

Many-Body Problems and Quantum
Field Theory An Introduction
2nd Edition
By Ph. A. Martin, F. Rothen,
S. Goldfarb and S. Leach

Statistical Physics of Fluids
Basic Concepts and Applications
By V. I. Kalikmanov

Statistical Mechanics A Short Treatise
By G. Gallavotti

Quantum Non-linear Sigma Models
From Quantum Field Theory
to Supersymmetry, Conformal Field Theory,
Black Holes and Strings
By S. V. Ketov

Perturbative Quantum Electrodynamics and
Axiomatic Field Theory
By O. Steinmann

The Nuclear Many-Body Problem
By P. Ring and P. Schuck

Magnetism and Superconductivity
By L.-P. Lévy

Information Theory and Quantum Physics
Physical Foundations for Understanding the
Conscious Process
By H. S. Green



Quantum Field Theory in Strongly
Correlated Electronic Systems
By N. Nagaosa

Quantum Field Theory in Condensed Matter
Physics
By N. Nagaosa

Conformal Invariance and Critical
Phenomena
By M. Henkel

Statistical Mechanics of Lattice Systems
Volume 1: Closed-Form and Exact Solutions
2nd Edition
By D. A. Lavis and G. M. Bell

Statistical Mechanics of Lattice Systems
Volume 2: Exact, Series
and Renormalization Group Methods
By D. A. Lavis and G. M. Bell

Fields, Symmetries, and Quarks
2nd Edition
By U. Mosel

Renormalization An Introduction
By M. Salmhofer

Multi-Hamiltonian Theory of Dynamical
Systems
By M. Błaszak

Quantum Groups and Their Representations
By A. Klimyk and K. Schmüdgen

Quantum The Quantum Theory of Particles,
Fields, and Cosmology
By E. Elbaz

Effective Lagrangians for the Standard Model
By A. Dobado, A. Gómez-Nicola,
A. L. Maroto and J. R. Peláez

Scattering Theory of Classical
and Quantum N-Particle Systems
By. J. Derezinski and C. Gérard

Quantum Relativity A Synthesis
of the Ideas of Einstein and Heisenberg
By D. R. Finkelstein

The Mechanics and Thermodynamics
of Continuous Media
By M. Šilhavý

Local Quantum Physics Fields, Particles,
Algebras
2nd Edition
By R. Haag

Relativistic Quantum Mechanics
and Introduction to Field Theory
By F. J. Ynduráin

Supersymmetric Methods in Quantum
and Statistical Physics
By G. Junker

Path Integral Approach
to Quantum Physics An Introduction
2nd printing
By G. Roepstorff

Finite Quantum Electrodynamics
The Causal Approach
2nd edition
By G. Scharf

From Electrostatics to Optics
A Concise Electrodynamics Course
By G. Scharf

Geometry of the Standard Model
of Elementary Particles
By A. Derdzinski

Quantum Mechanics II
By A. Galindo and P. Pascual

Generalized Coherent States
and Their Applications
By A. Perelomov

The Elements of Mechanics
By G. Gallavotti

Essential Relativity Special, General,
and Cosmological Revised
2nd edition
By W. Rindler


	1.pdf
	2.pdf
	3.pdf
	4.pdf
	5.pdf
	6.pdf
	7.pdf
	8.pdf
	9.pdf
	10.pdf
	11.pdf



